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Abstract

The Thomas-Wigner rotation is a cornerstone result of special relativity, but
relies on a global trivialisation of a tangent bundle over spacetime, which does
not necessarily obtain for curved manifolds in general. The appropriate gener-
alisation to curved spacetimes is Fermi-Walker transport, which remains less
well-studied. We examine a novel, bundle-theoretic approach to the Fermi-
Walker transport map as the parallel transport map induced by a Ehresmann
connection on second-order bundle structures. We also examine other conse-
quences of this double-bundle structure with respect to EPR correlations as
experimental observables.
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1 | Introduction and Motivation

The general theory of relativity posits that physical systems admit a descrip-
tion as being situated in a semi-Riemannian manifold, with all gravitational dy-
namical effects resulting from geodesic motion with respect to this metric structure:
the shapes of these geodesics are dictated by curvature, which in turn is related
to physical quantities via Einstein’s Field Equations. Geometrical quantities like
the curvature (in the form of the Riemann curvature tensor) can be probed by the
parallel transport of constant vectors along cyclic curves in these manifolds; nonzero
curvature results in linear transformations, which are elements of the fundamental
representation of GL(4) (the general linear group of 4×4 invertible matrices), acting
on the vectors as they are parallely transported along curves in the manifold.

Two kinds of geometry enter into this: the semi-Riemannian metric structure
imposed on spacetime, and the group action (and associated gauge freedom) acting
on its tangent bundle by a connection, possibly induced by this Riemannian struc-
ture. Cyclic paths in spacetime thereby introduce holonomy (nonabelian geometric
phases) on the tangent bundle, emerging from the group action of GL(4). This prin-
ciple (under names like the “geodetic effect” or “frame-dragging”) underpins some
experimental tests of general relativity (such as Gravity Probe B).

Unfortunately, parallel transport (as set forth above) is not a fully adequate
physical description of what we can observe in all generality. In particular, while Ein-
stein’s equivalence principle only implies motion along geodesic curves, nongeodesic
motion is also possible once nongravitational forces are taken into account. Non-
geodesic motion, in turn, introduces other physical effects that cannot be explained
in this geometric framework by parallel transport alone. For example, the Thomas
precession, an experimentally verified secular rotation to the spin vector carried by
an electron in a hydrogenlike atom, results from purely special relativistic effects in
flat spacetime [1], where we should (at least a priori) expect parallel transport to
be entirely irrelevant.

Our understanding of the Thomas precession, in turn, relies on spacetime being
flat. In curved spacetimes, the appropriate generalisation to the Thomas precession
arises from Fermi-Walker transport [2, 3], which is considerably less well-studied
(and well-motivated). While it is easy to dismiss these as being beyond the purview
of the equivalence principle, to do so would be a somewhat embarrassing concession
that our (even general-relativistic) purely geometric description of holonomy applied
to transported vectors can no longer hold good the moment we begin to account for
forces other than gravity.

Ideally, we should circumvent this by constructing an analytical framework in
which all forces, rather than just gravity, admit such a geometrodynamic descrip-
tion. However, this leaves us with very little phenomenological wiggle room when
dealing with forces that are not well-characterised in such a manner. For example,
if we should one day find a discrepancy between the general theory of relativity and
Nature, we should like to be able to treat such a discrepancy as if it were a non-
inertial perturbation to the relativistic equations of motion – just as (for example)

1



2 CHAPTER 1. INTRODUCTION AND MOTIVATION

we are able to treat two-body motion in the Schwarzschild geometry as, to a first
approximation, an additional nonclassical radial potential in an otherwise entirely
classical Newtonian central-force problem.

1.1 Scope

In this paper we put forward an alternative, geometric formulation of Fermi-
Walker transport (itself a generalisation of the usual covariant derivative that reduces
to the usual results when these worldlines happen to be geodesics). In Chapter 2, we
derive expressions for the Fermi-Walker derivative in an entirely geometric fashion;
in Chapter 3, we construct a connection on a second-order vector bundle under
whose parallel transport map coincides with the Fermi-Walker map, and study its
properties. In Chapters 4 and 5, we apply this conceptual development to calculate
the holonomy of this connection along different curves in flat and curved spacetimes.
Based on these developments, empirically falsifiable predictions are made on EPR
correlation experiments conducted in curved spacetimes. We compare this to the
existing literature on EPR correlations in curved spacetimes.

While the mathematical properties of the tangent bundle as a Riemannian
manifold are well-studied [see e.g. 4], uses of it to describe physical systems have so
far been, to our knowledge, restricted to flat spacetimes (in the capacity of a “rela-
tivistic velocity space” of reduced dimensionality) [e.g. 5], or with respect to other
kinds of physical problems [6]. Our original contributions pertain to applications
of it to both Fermi-Walker transport and EPR correlation experiments in curved
spacetimes.



2 | Vector transport and holonomy

We assume without proof the usual elements of differential geometry as relates
to calculus on manifolds and fibre bundles (for a more detailed development, see
Appendix A on page 42). Nonetheless, to clarify the conceptual development in this
chapter, we will give a brief overview here as well.

The classical, “extrinsic” formulation of differential geometry (see e.g. [7])
relies on notions of tangency with respect to embeddings of surfaces in higher-
dimensional spaces. For example, consider the 2-sphere S2: it is possible to embed
the sphere in R3 such that the intrinsic metric on S2 is equal to the induced metric
(i.e. the pullback of the usual dot product on R3 onto S2) owing to its embedding
in R3. Let us consider the more general case.

Let S be a n-surface embedded in Rn+1, on which we have the usual dot
product on Rn+1. Let {ξµ} be coordinates on S, {xα} be coordinates on Rn+1, and
let φ be an immersion map φ : S → Rn+1; φ(p) = (x1(p), x2(p), . . . xn+1(p)) for
p ∈ S. We can define tangent vector fields on Rn+1 via the coordinate fields on S
under pushforward as eµ = φ∗

∂
∂ξµ

, which span tangent subspaces of Rn+1 at different
points on the image of S. Let n be a unit normal vector field on the image of S
(which exists if S is orientable) such that n · eµ = 0, ∀µ on the image of S. Then
for a vector field v defined on the image of S, and everywhere tangent to S, we can
write

v = vµeµ.

Then consider a path γ : [0, 1] → S, which has a corresponding image on Rn+1

under φ. Let us consider the derivative of v along γ:
d
dtv =

d
dt (v

µeµ)

=
d
dt (v

µ) eµ + vµ
d
dt (eµ)

=
d
dt (v

µ) eµ + vµξ̇σ
∂

∂ξσ
(eµ)

def
=

d
dt (v

µ) eµ + vµΓλµσ ξ̇
σeλ + vµrµσ ξ̇

σn.

The coefficients Γσµν and rµν (which give the “induced” and “normal” connections
on S [7, 8]) can be found by taking the inner product of the derivatives of the
coordinate fields themselves with respect to each other, and with the normal vector,
along different paths γ. Then we can define the covariant derivative as simply the
component of this total derivative that remains tangent to S, as

D
dtv

def
=

d
dtv −

(
n · d

dtv
)

n =
d
dtv +

(
d
dtn · v

)
n. (2.1)

A vector field v is considered parallel along γ if D
dtv = 0. This notion of parallelism

depends on the connection coefficients Γσµν (which are in turn manifestly dependent
on the induced metric on S resulting from its embedding in Rn+1).

3



4 CHAPTER 2. VECTOR TRANSPORT AND HOLONOMY

An “intrinsic” formulation of the covariant derivative instead relies on some
other notion of parallelism. Suppose we had a vector field u ∈ X(M) generating
local flow φt on a manifold M with respect to a real parameter t. Suppose we also
had a corresponding parallel transport map T̂t : TpM → Tφt(p)M. The covariant
derivative of a vector field v ∈ X(M) can be defined with respect to a connection
∇ : X(M)× X(M) → X(M) as [9]

∇uv|p = lim
t→0

1

t
(φ−t)∗

[
v|φt(p) − T̂t (v|p)

]
It is instructive to compare this with the expression for the Lie derivative, which is
quite well-known [9, 10]:

Luv|p = lim
t→0

1

t

[
(φ−t)∗

(
v|φt(p)

)
− v|p

]
It is usual to write the Lie derivative in a more compact form as

Luv|p =
d
dt(φ−t)∗(v|φt(p))

∣∣∣∣
t=0

The covariant derivative can then be interpreted as a constrained total derivative on
M that takes local parallelism into account. It is also usual to write it as follows:

∇uv|p = lim
t→0

1

t

(
T̂−t(v|φt(p))− v|p

)
=

d
dt T̂−t(v|φt(p))

∣∣∣∣
t=0

=̂
D
dtv|φt(p)

∣∣∣∣
t=0

.

In local coordinates, we can express v as vµ∂µ; the covariant derivative admits
a local coordinate expression as

∇uv = (uν∇νv
µ)∂µ = (uν∂νv

µ + Γµνσv
νuσ)∂µ = (u(vµ) + Γµνσv

νuσ)∂µ.

The connection coefficients Γµνσ describe a connection (i.e. Lie-algebra-representation-
valued) one-form: the one-form takes an interior product of the vector u, describing
displacement on the manifold, and the resulting matrix is an infinitesimal transfor-
mation on the vector v. We can interpret this as the connection one-form generating
infinitesimal parallel-transport maps between tangent spaces of points on the mani-
fold infinitesimally separated in the direction prescribed by u. That is, the parallel
transport map is completely described, at a local level, by the connection coefficients.

2.1 Parallel Transport

Notationally, let γ : [0, 1] → M be a parameterised curve in a semi-Riemannian
manifold (M, g), choosing a connection ∇ with connection one-form which has coef-
ficients Γσµν . Per our description above, the parallel transport condition for a vector
field u on γ, ∇γ̇u = 0, can be written in coordinates as

d
dτ u

σ = −Γσµνu
µẋν = −(ιγ̇Γ)

σ
µu

µ. (2.2)

This is a linear system of ordinary differential equations in the components uσ of
the vector field u in this set of coordinates [11], with the rate matrix being the
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representation of the Lie algebra value of the interior product of the tangent vector
γ̇ with the connection form Γ, which can be solved as the path-ordered exponential
integral u|τ=1 =̂ P exp

[
−
∫ γ(1)
γ(0)

ΓσµνG
µ
σdxν

]
u|τ=0, where Gµ

σ is a basis element of the
Lie algebra of the structure group. Clearly this is a linear map T : Tγ(0)M → Tγ(1)M,
which is in turn a representation of the group action of some element of the structure
group. Where γ is a closed curve, we have γ(0) = γ(1) = p, and the parallel
transport map that is so defined is a linear map T : TpM → TpM with components

T =̂ P exp
[
−
∮
γ

ΓσµνG
µ
σdxν

]
(2.3)

This expression (the Riemannian holonomy, or parallel transport map, along
γ) is manifestly dependent on the choice of both curve and connection. How-
ever, by the Fundamental Theorem of Riemannian Geometry [9, 12, 13, 14], for
every semi-Riemannian manifold it is always possible to choose a unique connec-
tion (the Levi-Civita connection) such that the covariant derivative of the metric
vanishes (∇g = 0), and the torsion tensor also vanishes (∇uv − ∇vu = [u,v]).
Einstein’s field equations are formulated with respect to this choice of connec-
tion, in which the coefficients have the explicit expressions (in coordinates) Γσµν =
1
2
gσκ (∂µgνκ + ∂νgµκ − ∂κgµν).

Parallel transport, as elucidated above, is well-defined for all curves. However,
in general relativity, some curves (geodesics) are more physically significant than
others. A geodesic is a curve whose tangent vector is itself Levi-Civita parallel: that
is to say, ∇γ̇ γ̇ = 0. Under the Principle of Equivalence that underpins General Rel-
ativity, the mathematical operation of parallel transporting vectors along geodesic
curves has the physical interpretation of keeping them constant as observed in iner-
tial (or freely-falling) frames of reference whose tangent vectors satisfy g(γ̇, γ̇) = 1
for massive particles (or = 0 for photons).

However, the parallel transport map does not properly capture the behaviour of
transported vectors along nongeodesic curves. To illustrate this, consider an observer
moving along a piecewise-geodesic trajectory; for instance, consider an observer who
begins (in some reference frame) at rest, then is boosted along the x-axis, then along
the y-axis, then comes again to rest. Abstractly, this could represent, for example,
the trajectory of a particle in a dilute gas, where it collides with other particles.

Now, the trajectory of such an observer through spacetime is in fact not a
closed curve, and ordinarily there would be little significance in comparing trans-
ported vectors at the start and end points of this trajectory. However, we can still
compare vectors at different points in a unique manner by constraining ourselves to
work in a flat spacetime, where parallelism is a global concept. In the physical sce-
nario above with a very dilute isotropic gas, for example, the density is low enough,
and the gravitational field is weak enough, that spacetime may as well be flat. In
the manifold associated with a flat spacetime, this global parallelism is reflected in
the fact that all the connection coefficients vanish, and the above expression for the
Riemann holonomy (Eq. (2.3)) must therefore also reduce to the identity transfor-
mation. Yet it follows from properties of the Poincaré group (see Appendix B on
page 47) that the transported vector is not unchanged under these noncommuting
Lorentz boosts; instead, it is rotated. This rotation is known as the Thomas1 preces-

1After Llewellyn H. Thomas, who applied it as a correction to the quantum-mechanical spin-orbit
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sion (or, variously, the Wigner2 rotation, or other permutations and combinations
of these namesakes and nouns); it has proven to be of considerable academic and
scientific interest [1, 15, 16, 17, 18, 19, 20].

Obviously, this additional nontrivial behaviour is generated by the disconti-
nuities between the geodesic parts of the trajectory, since this is where the boosts
and rotations are applied. In general, we would expect such a discrepancy between
this sort of “noninertial transport” and the parallel transport map to emerge from
nongeodesic parts of a piecewise-smooth curve: that is, where ∇γ̇ γ̇ ̸= 0.

2.2 Fermi-Walker transport

The exposition on Fermi3-Walker transport in many extant texts lacks the
motivation that we have given above (viz., transport by an accelerating observer).
In the literature, it is quite often simply presented as [2, 3, 16]

0 = ∇γ̇u − g(u,∇γ̇ γ̇)γ̇ + g(u, γ̇)∇γ̇ γ̇, (2.4)

with very little in the way of further explanation. We eschew this expression because
it is not R-linear with respect to γ̇, i.e. the noninertial terms involving the accelera-
tion are not homogenous of degree 1 upon the transformation γ̇ → λγ̇. Equivalently,
the Fermi-Walker transport condition, as presented in this form, is not manifestly
invariant under affine reparameterisation of γ, which we know must be a property
of linear connections. As we shall see, this owes to the elision of some detail in the
intermediate steps of deriving this expression.

Most derivations motivate Eq. (2.4) by analogy with the rotational derivative
(with respect to rotating reference frames) in classical mechanics4 (e.g. [2]), or else
propose it as simply a mathematical construct with nice properties that are demon-
strated post hoc (as with [3]). While such treatments emphasise the noninertial
nature of Fermi-Walker transport (insofar as it arises from non-geodetic motion),
they elide and obscure the possibility of dealing with it in a geometric fashion. Here
we present an alternative derivation, from which the link between Fermi-Walker
transport and the usual Thomas precession is perhaps more evident. Suppose we
wished to describe a vector field v as the transport of vectors v|p along a curve
γ : [0, 1] → M respecting local parallelism, but subject to several additional con-
straints:

(1) The length of the tangent vector γ̇ remains constant with respect to such a
transport map: g(γ̇, γ̇) is constant. This is a constraint on the parameterisation
of the curve.

(2) The inner product g(γ̇,v) remains constant.
interaction for hydrogen-like atoms.

2After Eugene P. Wigner, who derived it as a property of the Lorentz group.
3After Enrico Fermi, who derived the constrained transport condition of 4-vector fields s satisfy-

ing constraints (1) and (2), and g(s, γ̇) = 0.
4First performed by Arthur G. Walker, who derived the full expression for the case g(γ̇,v) =

const. ̸= 0 [21].
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(3) Vectors in the subspace orthogonal to γ̇ (its “orthogonal complement”) remain
unchanged within this subspace. This is useful, for example, when transporting
continuations of nonclassical quantities, such as the spin 3-vector, in a relativistic
formalism. For example, if γ is the world-line of a massive particle, this means
that a 4-vector having only spatial components in the rest frame of the particle
remains thus after transport.

Since the metric on a pseudo-Riemannian manifold is not positive definite, we
must handle different values of g(γ̇, γ̇) differently.

2.2.1 Massive particles
If g(γ̇, γ̇) ̸= 0, then it is possible to find a projection operator into the or-

thogonal complement of γ̇. Let Pγ̇ denote this projection: we must have Pγ̇ γ̇ = 0.
Moreover, Pγ̇ must be self-adjoint (with respect to the metric) and idempotent. Such
a projection is uniquely given by [3, 22]

Pγ̇v = v − g(v, γ̇)
g(γ̇, γ̇)

γ̇ (2.5)

Condition (3), from above, can then be expressed as

Pγ̇

[
D
dt (Pγ̇v)

]
= 0.

Inserting our formula for the projection Pγ̇ , this gives us

D
dt

(
v − g(v, γ̇)

g(γ̇, γ̇)
γ̇

)
= ∇γ̇

(
v − g(v, γ̇)

g(γ̇, γ̇)
γ̇

)
= λγ̇ (2.6)

Taking the inner product with γ̇ gives us

λg(γ̇, γ̇) = g(γ̇,∇γ̇v)− g(γ̇,∇γ̇ γ̇)
g(v, γ̇)
g(γ̇, γ̇)

But condition (1) implies g(γ̇,∇γ̇ γ̇) = 0, and condition (2) implies

g(γ̇,∇γ̇v) = −g(∇γ̇ γ̇,v)

This gives us λ = −g(v,∇γ̇ γ̇)

g(γ̇,γ̇)
, whence arises the Fermi-Walker transport condition for

massive particles:
∇γ̇v − g(v, γ̇)

g(γ̇, γ̇)
∇γ̇ γ̇ +

g(v,∇γ̇ γ̇)

g(γ̇, γ̇)
γ̇ = 0 (2.7)

This coincides with the expression provided above, Eq. (2.4), when g(γ̇, γ̇) =
−1; the expression we have derived here is more fundamental and does not depend
on choice of sign convention or affine parameter. This expression reduces to the
usual parallel-transport condition ∇γ̇v = 0 when γ is a geodesic, as in that case
setting ∇γ̇ γ̇ = 0 causes the additional terms to vanish. It is also correctly R-linear
in γ̇, as a connection form should be. In some places the right-hand-side of Eq. (2.7)
is defined as the “Fermi-Walker derivative” [3, 2]. We will return to it in Chapter 3
on page 12.
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2.2.2 Photons
On the other hand, such a projection cannot be uniquely defined if γ̇ is null,

i.e. g(γ̇, γ̇) = 0. It is easy to see why: if such a projection P exists for a null vector
field n, then since n is a null vector field, it is orthogonal to itself, and so lies in its
own orthogonal complement: Pn = n. On the other hand, for g(n,v) ̸= 0 we have
g(n,v) = g(Pn,v) = g(n, Pv) def

= 0, a contradiction.
Note that if n is a null vector field, then TpM is spanned by n|p, two spacelike

vectors, and a second null vector l|p such that g(l,n) ̸= 0. Given a choice of a null
vector field l satisfying this for all p, it is possible to define a projection operator
[22]

Pl,nv = v − g(v,n)
g(l,n) l − g(l,v)

g(l,n)n (2.8)

that projects a vector field v into a subspaces that are at each point orthogonal
to both l and n. This is analogous to the light-cone coordinates used in e.g. [23].
Consequently, the rank of such a projection is 2 (not 3, as with the case of massive
particles).

Let γ̇ be the restriction to γ of a null vector field n. Given a choice of a null
vector field l, we modify conditions describing constrained transport of a vector field
v:

(1′) The length of the tangent vector γ̇ remains constant with respect to such a
transport map: g(γ̇, γ̇) = 0. Moreover, we now also demand g(l, l) = 0, since l
is a null vector field.

(2′) The inner product g(γ̇,v) of v with respect to the tangent vector remains
constant. Moreover, we now also demand ∇γ̇g(l,v) = 0.

(3′) Vectors in the orthogonal complement to both γ̇ and l, as defined with respect
to the projection operator, remain unchanged within the subspace.

(4′) The two vector fields γ̇ and l satisfy ∇γ̇g(l, γ̇) = 0: their inner product is
constant along the curve.5

(5′) l satisfies g(∇γ̇ γ̇, l) = 0.

Our derivation then proceeds analogously: we have

D
dtPl,γ̇ = ∇γ̇

(
v − g(v, γ̇)

g(l, γ̇) l − g(l,v)
g(l, γ̇) γ̇

)
= λ1γ̇ + λ2l. (2.9)

Since l is null, we have from (1′) that ∇γ̇g(l, l) = 2g(∇γ̇l, l) = 0. If we further
demand (5′), then from (4′) we infer that ∇γ̇l is also orthogonal to l and n, and is
therefore spacelike.

5 Observe that if Lnl = [n, l] = 0, then by constraint (5′), and with a torsionless affine connection,

0 =
1

2
∇lg(n,n) = g(∇ln,n) = g(∇nl,n) = ∇ng(l,n).

That is, l commuting with n is a sufficient condition for (4’) to hold, assuming that the
connection on the base manifold is torsion-free.
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Contracting the constrained transport equation variously with γ̇ and l then
yields

λ1g(l, γ̇) = g(l,∇γ̇v) = −g(∇γ̇l,v), contracting with l;
λ2g(l, γ̇) = g(γ̇,∇γ̇v) = −g(∇γ̇ γ̇,v), contracting with n.

This gives us the Fermi-Walker transport condition for null geodesics:

0 = ∇γ̇v − g(v, γ̇)
g(l, γ̇)∇γ̇l +

g(v,∇γ̇l)
g(l, γ̇) γ̇ − g(l,v)

g(l, γ̇)∇γ̇ γ̇ +
g(∇γ̇ γ̇,v)
g(l, γ̇) l. (2.10)

For massive particles, it is possible to construct a formulation of Fermi-Walker
transport as constancy with respect to a Frenet-Serret frame6 [e.g. 24]. However,
the Fermi-Walker transport condition depends only on the tangent and acceleration
vectors; it does not require such a frame to be fully specified. Conversely, observe
that for the null case, we require all of {γ̇, l,∇γ̇ γ̇,∇γ̇l} to be specified, thereby
describing a null Frenet-Serret frame [23, 25, 26] on γ. We can specify l uniquely:

Proposition 2.1. If n, ∇nn, and ∇n∇nn are everywhere on γ smooth, nonvan-
ishing, and linearly independent, then for a given choice of g(l,n), the additional
constraint g(∇nl,∇nn) = 0 uniquely determines a choice of l.

Proof. Consider lp evaluated as a vector in the fibre TpM above a point p on M.
The transport conditions listed above yield the following constraints on lp:

(1′′) gp(lp, lp) = 0 (lp is a null vector, from (1′)).

(2′′) gp(lp,np) is a fixed, nonzero value along γ (from (4′); without loss of generality
we can set it so that g(l,n) = 1).

(3′′) gp(lp, (∇nn)p) = 0 (from (5′)).

Each of these constitute an implicit definition of a 3-hypersurface in TpM ≃ R4,
taking the possible components of lp as coordinates. For example, in flat space,
constraint (1′′) specifies that the components of lp lie on the (future-pointing) null
hypercone, constraint (2′′) specifies that they also lie on a hyperplane orthogonal to
np (with respect to the metric gp), and so on. The possible components of lp that
satisfy all of these constraints must lie on the intersection of these 3-hypersurfaces: if
n and ∇nn are linearly independent, this specifies a 1-hypersurface, as dim TpM = 4.
In order to completely specify lp, one further constraint is required. But observe
that g(∇nl,∇nn) = −g(l,∇n∇nn). If ∇n∇nn is nowhere vanishing, then evaluating
this at TpM yields one further constraint:

(4′′) gp(lp, (∇n∇nn)p) = 0.

So long as n and its two derivatives are linearly independent at p, this uniquely
specifies lp. Since they are all smooth, this specifies l as a smooth vector field.

6A Frenet-Serret frame is a set of orthonormal vectors defined using the tangent vector to the
curve and its derivatives, defined uniquely for massive particles iff (for a curve in n-dimensional
space) its first n− 1 derivatives are linearly independent.



10 CHAPTER 2. VECTOR TRANSPORT AND HOLONOMY

Remark. Conversely, choosing l = ∇n∇nn (not necessarily null for all null curves)
reduces our expression to the “K-transport” presented in [27] (with the additional
constraints that g(v,n) = g(v,∇n∇n∇nn) = 0). However, the expression we have
derived holds for any null l linearly independent of n.

This being the case, however, there is one additional difference between the
transport equation for photons as compared to massive particles. In the case where
γ is a geodesic, the last two terms in Eq. (2.10) vanish, but the middle two do not.
Moreover, we also lose uniqueness in choice of l, as the above construction ceases
to be well-defined. Prima facie, this transport condition therefore does not reduce
to parallel transport, even on null geodesics. In order for it to do so,we must set
∇γ̇l = 0 as well: i.e. we must be able to choose some null vector field l that happens
to be linearly independent of n, and also (Levi-Civita) parallel, everywhere along γ,
if γ is a geodesic.

In problems of physical interest it is often the case that the dynamical vari-
ables admit some kind of time-reversal symmetry. This being the case, for any null
geodesic we have a natural choice of a second null vector other the tangent vector, by
subjecting the tangent vector to such a reflection. For example, in the Schwarzschild
geometry, there exist radial null geodesics that are invariant under time reversal: the
tangent vectors of these curves can be used to define light-cone coordinates. The in-
coming and outgoing radial null vectors are time-reversed versions of each other and
are linearly independent (having nonzero inner products with each other). Likewise,
Schwarzschild photon orbits are also invariant under time-reversal, and correspond
to different choices of orbital direction (clockwise vs. anticlockwise). In both cases,
the time-reversed tangent vectors are parallel along the geodesics.

2.2.3 As generalisation of Thomas Precession
It is a known result that for massive particles in flat space, the Thomas pre-

cession arises from Riemannian holonomy on a hypersurface in relativistic velocity
space [5, 15, 17]. Let us briefly review how such holonomy is evaluated extrinsically.
Relativistic velocity space is a Riemannian 4-manifold constructed by identifying all
fibres of the tangent bundle over the Minkowski flat spacetime to yield R4, with a
metric given by the Minkowski metric. The mass-shell 3-hyperboloid H+ in momen-
tum space is a semi-Riemannian submanifold in its own right, defined implicitly via
the mass-shell condition (for massive particles) pµpµ = m2; the Minkowski metric
on velocity space induces a metric on H+. An accelerating particle follows a curve
γ : [0, 1] → H+.

Now, the momentum components {pµ} form a chart on velocity space, the
embracing manifold. Since this manifold is flat, the operation of a total derivative
d
dt (respecting Euclidean parallelism) is well-defined. But observe that we have
here a 3-surface, embedded in R4 (i.e. with global parallelism), on which a metric
is induced by pulling back the metric on R4 — this is equivalent to the classical
formulation of parallel transport! The operation of parallel transport of a vector
field on the surface is then manifested as a constraint on the vector field such that
the projection of its total derivative into the tangent space of the surface is 0. That
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is to say (with Pp as the projection operator into the tangent space at p)

Pp

[
d
dtu

]
= 0 =⇒ d

dtu = λn,

where n is the normal vector field to the surface. But this normal vector field is
itself found by differentiating the defining mass-shell condition f(p) = m2 of the
surface as n ∝ df ♯. With respect to a chart, this is performed by differentiating
the coordinate representation of this function, pµpµ, with respect to the coordinates
(and then raising an index); but in this case the momentum components are them-
selves the local coordinates. Therefore, by the Leibniz rule, the normal vector field
is proportional to the momentum itself. That is to say, the above transport con-
dition can be rewritten d

dtu = λp. But given that, for a flat manifold, this total
derivative acting on vectors coincides with the covariant derivative, and also that the
4-momentum is related to the 4-velocity γ̇ as p = mγ̇, this means that the parallel
transport condition on the mass-shell 3-hyperboloid is equivalent to the equation
of constrained transport, Eq. (2.6) on page 7, that gives rise to the Fermi-Walker
transport equation, provided that g(u, γ̇) = 0 so that u = Pγ̇u. But this is satisfied
by requiring that the transported vector is, at all points of the curve, tangent to the
mass-shell 3-hyperboloid to begin with.

Obviously, this analysis obscures some subtleties: most crucially, motion on
the hypersurface in the tangent space does not take place in isolation. Instead, it
also generates motion on the base manifold, with the tangent vector at each point
on the manifold being determined by the point on the hypersurface. In flat space,
this is seemingly irrelevant, since a global trivialisation of the tangent bundle exists.
However, this in fact induces a family of 3-hyperboloids, one in each fibre, over
points along the trajectory of the particle. In fact, in flat space this is true for
the entire space; flatness simply means that the hyperboloids over different points
of the manifold are trivially identified with each other. The mass-shell condition
then constrains the motion of the particle through the tangent bundle to a curved 7-
submanifold of the 8-dimensional (flat) tangent bundle, and it is this curvature that
generates the Thomas precession. This becomes more evident when we attempt to
compute the connection coefficients corresponding to parallel transport: we realise
that the dependence of the components of u on the points of the base manifold
emerges only implicitly, by integrating the coordinates on the hyperboloid. Finally,
in stipulating parallel transport along this submanifold, we invoke some notion of
tangency to it, but that implies that the vector fields so transported take values not
in the tangent spaces of the base manifold, but in those of this submanifold of its
tangent bundle.

That is to say: in flat spacetime, the Thomas precession emerges from the
parallel transport map as induced by this additional geometric structure on some
submanifold (defined by the imposition of the mass-shell condition) of the tangent
bundle, rather than on the base manifold itself (which remains, quite uninterestingly,
flat). However, this requires that we be able to compare tangent spaces above
adjacent points on the base manifold, which, in flat spacetimes, is achieved by
means of a global trivialisation of the tangent bundle. We wish to generalise this
geometric approach to cases where such a global trivialisation might not exist.



3 | Second-order bundles

Note that Eq. (2.7) on page 7, for massive particles, is linear in v (i.e. linear
with respect to vector space addition). Consequently, in local coordinates, it con-
stitutes a linear system of first-order differential equations in the components of v,
and can be integrated to yield a linear map F̂ : Tγ(0)M → Tγ(1)M, just as we did
for T̂ with the covariant derivative in Eq. (2.3) on page 5.

Rather than considering it as a derivative with respect to a parameterised curve
γ, we might wish to treat the Fermi-Walker transport operation as, more generally,
a derivation on vector fields with respect to other vector fields. Specifically, if γ̇ is
the restriction of a timelike vector field u to γ (i.e. if there exists a vector field u
on U ⊂ M, γ ⊂ U such that ∀p ∈ γ, γ̇(p) = up), then it would be equally valid
to express the Fermi-Walker transport condition as a derivation with respect to u
obeying the same rules (when acting on tensor fields) as the covariant derivative.
For example, it seems suggestive to define a connection D as, for massive particles,

0 = ∇uv − g(v,u)
g(u,u)∇uu +

g(v,∇uu)
g(u,u) u ?

= Duv (3.1)

As it turns out, such a construction cannot both be a connection in the usual
sense and still satisfy the required properties for Fermi-Walker parallelism. In this
chapter, we will motivate and develop the use of a higher-order vector bundle —
that is to say, a vector bundle over a vector bundle over M — upon which the
Fermi-Walker transport operation is a well-defined linear connection.

3.1 Gauge invariance

Fermi-Walker transport cannot be constructed as a linear connection on M.
In order show this more fully, let us first consider some properties required of a
connection and connection forms (for some background, see Appendix A on page 42).

Consider a principal bundle π : P → M, with fibres G, such that the right
action of elements of G maps P to itself: for p ∈ P, g ∈ G, pg ∈ P also. For a vector
bundle associated with the principal bundle, the group action on the fibres is a rep-
resentation of group multiplication on the associated principal bundle. Thus, every
trivialisation of a vector bundle admits a transformation-valued one-form on the base
manifold, which corresponds to the induced representation of the Lie-algebra-valued
one-form on trivialisations of the associated principal bundle under the fundamental
representation of the corresponding structure group.

Let Aα, Aβ represent the local one-forms under two trivialisations. In order
that all of these one-forms represent the pullback of the same underlying connection
form, we must have [10]

Aβ = t−1
αβAαtαβ + t−1

αβdtαβ (3.2)
where tαβ : Uα ∩ Uβ → GL(n) is the transition function between fibres of the trivi-
alisations (i.e. a representation of the group action of the corresponding transition

12
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function φαβ : Uα ∩ Uβ → G between trivialisations of the principal bundle). The
representation of this compatibility condition in local coordinates corresponds to the
well-known transformation law for the Christoffel symbols (see also [28, 29]).

The above compatibility condition corresponds to a “passive” gauge transfor-
mation on the manifold (e.g. a change of coordinates and corresponding coordinate
basis), resulting from redundancies in describing a given set of dynamical variables
(e.g. there being no preferred set of coordinates). There also exist “active” gauge
transformations, which result from symmetries in the set of dynamical variables
that describe a given physical configuration. There is an active-passive equivalence
principle between the two, which we will briefly expound upon.

Consider a vertical automorphism F acting on the principal bundle, satisfying
π ◦F = π (i.e. it is vertical), where π is the projection on the principal bundle, and
F(p)g = F(pg) (i.e. it is equivariant under right action). In order for this to be
true, we must have F(p) = pτ(p) where τ : P → G and τ(pg) = g−1τ(p)g. This is
an “active” gauge transformation.

Lemma 3.1. The pushforwards of vector fields X : P → T P under such vertical
automorphisms are given as

F∗X = Rτ ∗X + (τ−1dτ(X))♯.

Proof. Consider a curve γ : [0, 1] → P such that γ(0) = p and X = d
dtγ(t)

∣∣
t=0

.
Then we have, following Nakahara [10]:

F∗X =
d
dtγ(t)τ(γ(t))

∣∣∣∣
t=0

= Rτ ∗X + p
d
dtτ(γ(t))

∣∣∣∣
t=0

= Rτ ∗X + pτ(p)

[
τ−1(p)

d
dtτ(γ(t))

]∣∣∣∣
t=0

= Rτ ∗X +
d
dt

(
F(p) ·

[
τ−1(p)τ(γ(t))

])∣∣
t=0

= Rτ ∗X +
(
τ−1(p)dτ(X)

)♯
.

It then follows from the defining properties of a connection that F∗ω =
adτ−1 ω + τ−1dτ , where the exterior derivative here is taken with respect to the
tangent bundle of the principal bundle. Comparing this with Eq. (3.2), we see that
active and passive gauge transformations take basically the same form: their repre-
sentations in terms of local coordinates are the same (except that in the former case
we have an automorphism on the principal bundle represented on one trivialisation,
and in the latter we are going between different trivialisations on the same principal
bundle). This is the active-passive equivalence principle.

For a manifold representing spacetime, we observe that any transformation on
the tangent bundle that changes the metric must also change the underlying stress-
energy distribution, since the two are related via Einstein’s Field Equations. This
cannot, however, be the case if the corresponding automorphism on the principal
bundle is to be entirely vertical. Therefore, we conclude that the structure group

— the group of permissible active gauge transformations — must leave the metric
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invariant (like isometries). If this is represented at points p ∈ M by linear transfor-
mations L on the vectors satisfying Lp : TpM → TpM as vp 7→ Lpvp, then we must
have that L∗g = g; L is a representation of the left action of elements of the group
of orthogonal linear transformations (with respect to g).

Suppose that we have a linear connection ∇ on M. Then under such a gauge
transformation we have, for v ∈ T M 7→ v′ = Lv, a new connection ∇′ satisfying
∇′

uv′ = L∇uv. Note that u, representing the tangent vector to a curve on M,
remains unchanged in the above expression, since the curves themselves are left
unchanged by this gauge transformation.

With all these in hand, we have sufficient building blocks to present

Proposition 3.1. The “Fermi-Walker derivative,” as suggested in Eq. (3.1) on
page 12, does not transform as a connection under an active gauge transformation.

Proof. We will show this by contradiction, first considering the case of massive
particles. Suppose D and ∇ are connections. Given any two connections, observe
that, if we define ∆uv = (Du −∇u)v, then for any function λ : M → R, ∆ satisfies
∆u(λv) = λ∆uv ∈ T M; i.e. there is no dependence on the derivatives of λ: ∆ is a
transformation-valued one-form. If D is a connection, then it must satisfy

D′
uv′ = ∇′

uv′ +∆′
uv′

= L(∇uv +∆uv)
= ∇′

uv′ + L∆uL
−1(v′).

Our expression for the putative Fermi-Walker derivative, Eq. (3.1), then yields

∆uv =
1

g(u,u) (g(v,∇uu)u − g(v,u)∇uu)

=⇒ ∆′
uv′ =

1

g(u,u)L
(
g(L−1v′,∇uu)u − g(L−1v′,u)∇uu

)
.

Recall, however, that the original expression was ultimately constructed from
Eq. (2.6) on page 7, which is a condition for constrained transport of v defined with
respect to a choice of connection ∇. We can do the same thing for v′ with respect
to ∇′ instead, under the gauge transformation, resulting in a constraint condition

D
dt

′ (
v′ − g(v′, γ̇)

g(γ̇, γ̇)
γ̇

)
= ∇′

γ̇

(
v′ − g(v′, γ̇)

g(γ̇, γ̇)
γ̇

)
= λγ̇

Note once more that, since γ̇ is not modified by the gauge transformation, neither
is u. Repeating the earlier calculations in § 2.2.1 on page 7, with respect to the new
connection, then yields

∆′
uv′ =

1

g(u,u) (g(v
′,∇′

uu)u − g(v′,u)∇′
uu) .

Comparing the two expressions for ∆′
uv′, we see that in order for them to be equal

(so that D is indeed a connection) we require L∇uu = ∇′
uLu and Lu = u. Clearly

if this is to hold for all timelike u, then L must be the identity. But if D transforms
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covariantly under all such vertical automorphisms, and the structure group is non-
trivial, then this is a contradiction. We conclude that D is not a linear connection,
since the notion of Fermi parallelism that it induces is not gauge-covariant. (This
ultimately boils down to the fact that our constrained-transport equation, Eq. (2.6),
is not gauge-covariant.)

A similar contradiction arises for transport along photon worldlines, following
analogous reasoning, beginning with Eq. (2.9) on page 8 as a starting point instead,
and noting also that l 7→ l′ = Ll. We obtain (from the above, and from § 2.2.2 on
page 8):

∆′
nv′ = L

(
−g(L

−1v′,n)
g(l,n) ∇nl + g(L−1v′,∇nl)

g(l,n) n − g(l, L−1v′)

g(l,n) ∇nn +
g(∇nn, L−1v′)

g(l,n) l
)

̸= −g(v
′,n)

g(l′,n)∇
′
nl′ + g(v′,∇′

nl′)
g(l′,n) n − g(l′,v′)

g(l′,n)∇
′
nn +

g(∇′
nn,v′)

g(l′,n) l′.

Again, we see that we require Ln = n for equality, which (for a given L) cannot
hold for all null n unless L is the identity.

Even were the gauge group on the frame to be trivial, or discounting gauge
covariance as a required feature of our theory, the fact that we are required to
separate our analysis into different cases for massive particles and photons is itself
indicative of our inability to formulate Fermi-Walker transport as a linear connection
on M. This is a consequence of a further, final obstruction to formulating Fermi-
Walker transport as a linear connection. Observe that if D were a connection, then
for two different vector fields x and y, we must have Dx+yv = Dxv+Dyv, which is
in general not satisfied by either expression above, unless x = λy (as can be verified
by direct substitution). But suppose that we have a null vector field n that can be
expressed as the sum of a spacelike vector field x and a timelike one y: clearly, this
identity cannot hold. It is therefore not possible to define Fermi-Walker transport
as a bundle connection over M in the usual sense in this manner.

3.2 Construction

In order to formulate a fully bundle-theoretic description of Fermi-Walker
transport, we must therefore first identify an appropriate manifold on whose tangent
bundle we can correctly construe the local coordinate expressions for Fermi-Walker
transport as being the interior product of connection form with a tangent vector.

Let us look again at Eq. (2.7) on page 7, describing the Fermi-Walker transport
vectors along timelike (i.e. massive particle) world lines. Observe that if we treat
a = ∇uu as a vector field in its own right independent of u, then the latter two
terms are (considered by themselves) V -linear in a. More explicitly, consider its
local coordinate expression:

0 = uµ∂µv
ν + Γµνσv

νuσ +
1

uαuα

(
uµgνσ − δµσgνβu

β
)
vνaσ. (3.3)

The second term in this expression is a sum over the connection coefficients for the
(Riemannian) connection on T M, which acts on vectors in T M as a Lie-algebra-
representation-valued one-form on M. Consequently, it is linear (with respect to
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vector space addition) in the velocities. That the additional terms are linear in
the acceleration, instead, is suggestive of a linear connection on some higher-order
bundle structure in which the acceleration vector (thus defined) is an element of a
tangent subspace.

However, the Riemann connection coefficients depend only on the point on
the manifold at which the one-form is evaluated. Since the 4-velocity appears in
the terms above that are V -linear with respect to the acceleration, we conclude
that if Fermi-Walker transport is to be treated as a geometric quantity on some
manifold, that manifold must admit a local description of the 4-velocity components
as functions of only local coordinates. The simplest such manifold is the tangent
bundle T M itself, for which the 4-velocity components are local coordinates. T M
also has the additional property that the acceleration vector (as defined above)
also lies in a subspace of its tangent space, which we require of our putative linear
connection. Thus motivated, we will now develop Fermi-Walker transport as a
Riemann connection on some vector bundle over T M. Since the mathematical
formalism for this is not in standard use in physics, we will briefly summarise some
key results in the (mathematical) literature [30, 31, 32, 4].

Let (M, g) be a Riemannian manifold, with g inducing a connection on M.
Let π : T M → M be its tangent bundle equipped with the natural projection.
Now, consider some vector field v ∈ X(M) as rather a mapping v : M → T M.
Then for a vector field u ∈ X(M), and for a given connection ∇,

T (T M)T M

M T M

u

K(v∗u) = ∇uv

v∗

K

Figure 3.1: Construction of the connection map

Definition 3.1. The connection map K : T (T M) → T M associated with the
connection ∇ satisfies (cf. Fig. 3.1)

K(v∗(u)) = ∇uv.

A more technical definition of K is given in e.g. [32, 4], but for our purposes
it suffices to note that this equips us with a natural means of identifying vertical
(∈ ker π∗) and horizontal (∈ kerK) components of a double tangent vector field
U : T M → T T M (we define X(T M) as the set of all such double tangent vector
fields). Conversely, given a vector field u ∈ X(M), we can send it into X(T M) in
two ways:

Definition 3.2. The horizontal (resp. vertical) lift uh (resp. uv) of u ∈ X(M) is
the unique element of X(T M) such that π∗uh = u, and K(uh) = 0 (resp. K(uv) =
u, π∗uv = 0). This sets up a separation of the double tangent bundle into vertical
and horizontal bundles as T (T M) = H(T M)⊕ V(T M).
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Definition 3.3 (per Bowman [30]). A metric g on M induces a metric on T M as

g̃(U,V)
def
= g(π∗U, π∗V) + g(KU, KV).

Strictly speaking, this induced metric (the “Sasaki metric”) is not unique [4],
as the second term can be replaced by any symmetric bilinear form on the vertical
components. However, we justify the choice of this metric by noting that the notion
of length used in computing the geodesic curvature of a curve, ∥∇γ̇ γ̇∥, is exactly
that induced by the metric g̃. Moreover, recall that in the case of flat spacetime,
the Minkowski inner product on the tangent space resulted in an induced metric on
the mass-shell hyperboloid (see § 2.2.3 on page 10). This implied an identification
between the tangent spaces and their own tangent bundles: that is, a mapping
φ : T (TpM) → TpM such that the local coordinate expression for φ was the identity.
The metric on the tangent spaces to the mass-shell hyperboloid was in turn induced
through this map, which corresponds to K in this case. Thus, the choice of the
Sasaki metric was implicit in the earlier construction of Thomas precession as parallel
transport on a submanifold of the flat tangent bundle (as performed in [15]).

However, there is one crucial point of departure from the case of flat spacetime,
insofar as motion on the mass-shell hyperboloid occurs concurrently with motion on
the base manifold. In flat space, such an identification was possible because, since
∇ was trivial on all points on the base manifold, so too was K; this is not true in
the general case. Fortunately, we have the following

Theorem 3.1 (per Dombrowski [32]). If g induces a Riemannian connection ∇ :
X(M) × X(M) → X(M) on M, then the Sasaki metric g̃ induces a Riemannian
connection ∇̃ : X(T M)× X(T M) → X(T M) on T M.

In particular, if ∇ is the Levi-Civita connection with respect to g on M, so
too is ∇̃ with respect to g̃ on T M.

It is convenient to work in terms of local coordinate expressions on T M to
characterise both the connection map K and this induced connection. For clarity,
let us preface horizontal indices on charts of T M, and of components of vector fields
U ∈ X(T M), with (0), and vertical ones with (1). A chart {xµ} : U ⊂ M → Rn

induces a chart {v(0)µ, v(1)µ} : π−1(U) ⊂ T M → R2n [32] as, for p ∈ M,

v(0)µ(u|p) = xµ ◦ π(u|p)
v(1)µ(u|p) = dxµ(u|p).

If u is a vector field with components u = uµ∂µ, then u induces a map M →
T M which we can express in coordinates as

u : {xµ} 7→ {v(0)µ, v(1)µ} = {xµ, uµ}.

Consequently, its pushforward u∗ : T M → T (T M) admits the local expression

u∗(∂µ) =
∂v(0)ν

∂xµ
∂(0)ν +

∂v(1)ν

∂xµ
∂(1)ν = ∂(0)µ +

∂uν

∂xµ
∂(1)ν .

We understand these to be the coordinate vector fields on T M, which may be
evaluated at a point above p ∈ M specified by up = v ∈ T M. It follows that

(∂µ)∗∂ν = ∂(0)ν =⇒ K(∂(0)ν |v=∂µ|p) = Γσνµ∂σ|p=π(v),
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where the Γµνσ are the local connection coefficients for the connection ∇. This identity
verifiably satisfies Def. 3.1.

We can then also use these coordinates to find local expressions for the hori-
zontal and vertical lifts of the coordinate fields on the base manifold:

Xh
µ = (∂µ)

h = ∂(0)µ − Γσµνv
(1)ν∂(1)σ

Xv
µ = (∂µ)

v = ∂(1)µ,

In addition, we have the corresponding horizontal and vertical dual basis forms,
which we can compute to be

θµh ((∂σ)
h) = δµσ and θµh ((∂σ)

v) = 0 =⇒ θµh = π∗dxµ = dv(0)µ, and
θµv ((∂σ)

v) = δµσ and θµv ((∂σ)
h) = 0 =⇒ θµv = dv(1)µ + Γµσνv

(1)νdv(0)σ.

Consequently, if the metric g on M admits the local coordinate expression

g =̂ gµνdxµ ⊗ dxν ,

then the Sasaki metric on T M admits the expression

g̃ =̂ gµν (θ
µ
h ⊗ θνh + θµv ⊗ θνv )

= gµν
(
dv(0)µ ⊗ dv(0)ν + dv(1)µ ⊗ dv(1)ν + 2Γνσαv

(1)αdv(1)µ ⊗ dv(0)σ

+ΓµλαΓ
ν
σβv

(1)αv(1)βdv(1)λ ⊗ dv(0)σ
)
.

(3.4)

It is evident that the decomposition of the Sasaki metric into the dual basis to
the horizontal and vertical lifts of the coordinate fields on M is a far more natural
representation than its (quite clunky) representation in terms of the dual coordinate
basis on T M.

Proposition 3.2 (per Dombrowski [32], Kappos [4]). The commutators on the
double tangent bundle of lifts of vector fields at a point v ∈ T M are

i) [uh,vh] = [u,v]h − (R(u,v)v)v,

ii) [uh,vv] = (∇uv)v,

iii) [uv,vv] = 0.

Using these, one obtains

Proposition 3.3 (per Kappos [4]). For the horizontal and vertical lifts of vector
fields u,v ∈ X(M), the Levi-Civita connection ∇̃ induced by the Sasaki metric g̃ has
the following properties (evaluated at v ∈ T M, π(v) = p ∈ M so that uv|v = (up)v):

i) ∇̃uhvh|v = (∇uv)h|v − 1
2
(R(u,v)v)v|v

ii) ∇̃uhvv|v = (∇uv)v|v + 1
2
(R(v,v)u)h|v

iii) ∇̃uvvh|v = 1
2
(R(v,u)v)h|v

iv) ∇̃uvvv|v = 0.
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T MX ⊂ T (TM)

T M M

π

π∗

id
πT

π

Figure 3.2: Construction of X (after [12], and referred to as 2M in [30]): X is the
subset of T T M such that this diagram commutes.

where R is the curvature tensor on M.

For physical reasons, we now wish to concern ourselves with only such second-
order vectors as describe genuine accelerations. We first recognise that all curves
γ in M also describe curves in T M, as the components of the tangent vector of
γ can be taken to yield coordinates on the fibres, under local trivialisations: for a
curve γ : [0, 1] → M, whose tangent vector γ̇ we can represent in local coordinates
on T M as (xµ(t), uµ(t)), there exists a canonical lift γ̇ : [0, 1] → T M (see Fig. 3.3).
Likewise, all curves in T M also yield curves in T (T M). However, we note that
not all curves on T T M are necessarily lifts of lifts (such that the second-order
velocity yields the acceleration of γ). On T (T M) in particular, there exists a natural
operation, the canonical involution on T (T M) [12, 13], under which such second-
order lifts remain invariant, which can be constructed (see Fig. 3.2) by stipulating
π∗γ̈ = πT γ̈ ⇐⇒ I(γ̈) = γ̈ (where I is this canonical involution). We therefore
restrict our attention to connections defined on X, where

X = {v ∈ T T M|Iv = v}.

Then evidently X is isomorphic to the Whitney sum bundle T M⊕ T M [30]. We
can think of the fibres of this bundle as the direct sum of vertical and horizontal
subspaces of the fibres of T (T M); the pushforward of the natural projection leaves
us with just the first factor of T M, and the connection map with the second. Since
X ⊂ T (T M), the Sasaki metric and induced connection are well-defined for vector
fields U : M → X1.

Then for X̃(M) as the set of all vector fields U : M → X,

Lemma 3.2 (per Bowman [30]). The Levi-Civita connection ∇̃ on T (T M) induced
by the Sasaki metric (per Prop. 3.3) in turn induces a metric-compatible, torsion-free
connection ∇̂ : X(M)×X̃(M) → X̃(M) on the vector subbundle X ⊂ T (T M), X ≃
T M⊕ T M, uniquely determined by

∇̂γ̇U = (∇γ̇π∗U)h + (∇γ̇KU)v . (3.5)

With γ̇ = ξµ∂µ, we can find the local expression for this connection on a vector
field U = U (0)µXh

µ + U (1)µXv
µ as [31]

∇̂γ̇U =
(
ξµ∂µU

(0)ν + Γνσµξ
µU (0)σ

)
Xh
ν +

(
ξµ∂µU

(1)ν + Γνσµξ
µU (1)σ

)
Xv
ν . (3.6)

1We use boldface lowercase to denote vector fields on the base manifold u : M → T M, and
uppercase to denote vector fields on the tangent bundle U : T M → T (T M).
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I = [0, 1]

T I

M

T M

d
dτ

γ

γ∗

γ̇ = γ∗
d

dτ

π =⇒

I

T I

T M

X

d
dτ

γ̇

γ̇∗

γ̈ = γ̇∗
d

dτ

π∗

Figure 3.3: γ̇ is at once the tangent vector field to the curve γ : I → M, and a
curve γ̇ : I → T M with tangent vector field γ̈.

Happily for us, the local expressions for the vertical components coincide with the
usual differential equation for the parallel transport map on M as obtains on the
horizontal components (Eq. (2.2) on page 4). While simple-looking, these results are
by no means trivial: they follow from restricting the connection ∇̃, defined above,
from T (T M) to X. Since X ≃ T M⊕T M, we can think of X̃(M) as the subset of
X(T M) for which the vector components do not exhibit explicit dependence on the
vertical ((1)-indexed) coordinates of T M in any chart; by this isomorphism ∇̂ also
constitutes a connection ∇̂ : X(T M) × X(T M) → X(T M) with ∇̂U = ∇̂(π∗U)h .
While we have omitted the steps undertaken in such a reduction (cf. Bowman
[30] for more details), we will need to perform a similar (albeit simpler) further
restriction to submanifolds of T M in order to characterise Fermi-Walker transport
in a bundle-theoretic manner.

Recall that in flat space (in § 2.2.3 on page 10, and [15]), our construction of
Thomas precession as parallel transport closely mirrored the classical, “extrinsic”
approach to differential geometry, based on embeddings of n-surfaces S into Rn+1.
Doing so induced a connection on S, with connection coefficients found via the the
induced metric on S (the pullback of the intrinsic metric on Rn+1). We intend to
do this with (Riemannian) immersions into manifolds of different codimension, not
necessarily 1.

Let M be a (semi-)Riemannian submanifold of M. Then (per O’Neill [8]) we
can decompose the tangent spaces at points p ∈ M ⊂ M into tangential and normal
subspaces with respect to the metric g as TpM = TpM⊕ ⊥p M, such that for all
up ∈ TpM,vp ∈⊥p M, we have gp(uu,vp) = 0. Then in terms of this extrinsic
connection, we have:

Theorem 3.2 (Gauss-Codazzi equation, [8]). A connection ∇ on M induces tan-
gential and normal connections on M as, for X,Y ∈ X(M) ⊂ X(M),

∇XYp = ∇XYp︸ ︷︷ ︸
∈TpM

+S(X,Y)p︸ ︷︷ ︸
∈⊥pM

This generalises the classical definition of the covariant derivative (cf. Eq. (2.1)
on page 3) to the case where the embedding space has nontrivial semi-Riemannian
structure. Again, our further analysis is necessarily different for massive and mass-
less particles.



3.2. CONSTRUCTION 21

3.2.1 Massive Particles

In general, if γ : [0, 1] → M is a curve on M, then its tangent vector γ̇ = γ∗
d

dτ
is also its canonical lift γ̇ : [0, 1] → T M, with its own corresponding tangent vector
γ̈ = γ̇∗

d
dτ (per the construction in Fig. 3.3). It will be convenient to be able to

express γ̈ in terms of horizontal and vertical lifts of vector fields sending I → T M.

Proposition 3.4. For γ̈ as the tangent vector of the lift γ̇ of a curve γ : [0, 1] → M,
we have that

γ̈ = γ̇h + (∇γ̇ γ̇)
v.

Proof. Let γ be an integral curve of u : M → T M. Then γ̇ = u ◦ γ, and by
construction the following diagram (combining Figs. 3.1 to 3.3) commutes:

I ⊂ R

T I

M

T M T M

X

T M

d
dτ

γ

γ∗

γ̇ = γ∗
d

dτ u

γ̇∗

id

π∗

π

u∗γ̈ = γ̇∗
d

dτ
K

∇uu

Figure 3.4: Decomposition of γ̈ into horizontal and vertical parts

From Fig. 3.4, we observe the following:

1. π∗γ̈ = πT γ̈ = γ̇, (which follows from the tangent bundle structure, just as
π ◦ γ̇ = γ), and

2. K(γ̈) = K(u∗u) ◦ γ = ∇uu ◦ γ = ∇γ̇ γ̇. In words, the connection map applied
to the double tangent vector returns the acceleration of the curve (as defined
with respect to the connection).

Then γ̈ = (π∗γ̈)
h + (K(γ̈))v = γ̇h + (∇γ̇ γ̇)

v, as required.

Observe that for functions f : M → R on the base manifold, we can define
lifts f̃ : T M → R as f ◦π. We have for vector fields U = uh+vv that U(f̃) = u(f).

Now, observe that condition (1) from our discussion of Fermi-Walker transport
along massive-particle world lines (cf. § 2.2.1) is equivalent to defining a hypersurface
in T M implicitly by the equation f̃(v) = g(v, v) = c, a constant (we will call this the
mass-shell submanifold because, with p = mv, this yields g(p,p) = m2). Parallel
transport with respect to the induced connection on this submanifold is performed
by means of projecting into the orthogonal subspaces to the normal vector field,
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N ∝ df̃ ♯ (which spans a 1-dimensional normal vector space), which we calculate by
observing that along a path γ̇ in T M,

df̃(γ̈) = ∇̂γ̈(g(γ̇, γ̇))

= ∇̂γ̈ g̃(γ̇
h, γ̇h) (by the definition of the Sasaki metric)

= 2g̃(γ̇h, (∇γ̇ γ̇)
h) (by the Leibniz rule and metric-compatibility)

= 2g̃(γ̇v, (∇γ̇ γ̇)
v) (by the definition of the Sasaki metric)

= 2g̃(γ̇v, γ̈) (since γ̈ = γ̇h + (∇γ̇ γ̇)
v)

= g̃(df̃ ♯, γ̈) = 0 =⇒ N ∝ df̃ ♯ ∝ γ̇v.

(3.7)

This generalises the mass-shell-hyperboloid condition that obtains in flat space-
time (cf. our discussion in § 2.2.3 on page 10) to yield a 7-dimensional submanifold
of X. Then for a vector field U ∈ X̃(M) satisfying g̃(U,N) = g(K(U), γ̇) = 0, we
define the Fermi-Walker connection D as the induced tangential connection on this
submanifold. We find it by projecting onto the tangent spaces of this submanifold
(per Eq. (2.5) on page 7) as

Dγ̈U = ∇̂γ̈U − g̃(∇̂γ̈U,N)

g̃(N,N)
N = ∇̂γ̈U +

g̃(U, ∇̂γ̈N)

g̃(N,N)
N. (3.8)

But since N = γ̇v is entirely vertical, we have ∇̂γ̈N = (∇γ̇ γ̇)
v, whereby g̃(U, ∇̂γ̈N) =

g(K(U),∇γ̇ γ̇); moreover g̃(N,N) = g(γ̇, γ̇). Under the connection map, this gives
us

K(Dγ̈U) = ∇γ̇K(U) +
g(K(U),∇γ̇ γ̇)

g(γ̇, γ̇)
γ̇ (for g̃(U,N) = 0). (3.9)

Comparing this with Eq. (2.7) on page 7, we see that the vertical part of
vectors parallely transported (i.e. Dγ̈U = 0) under the Fermi-Walker connection
exactly satisfy the Fermi-Walker transport condition in the case g(K(U), γ̇) = 0;
but this is a necessary condition in order for them to be in the tangent spaces to the
7-dimensional mass-shell submanifold of T M in the first place. The generalisation
to vertical fields U not necessarily normal to γ̇v follows immediately from analogous
calculations to our earlier derivation for the full Fermi-Walker transport condition:

Dγ̈U = ∇̂γ̈U − g̃(U,N)

g̃(N,N)
∇̂γ̈N +

g̃(U, ∇̂γ̈N)

g̃(N,N)
N, (3.10)

except we are now entitled to consider this as an expression of a bona fide connec-
tion (on a submanifold of T M). In local coordinates, we recover for the vertical
components a nearly identical expression to the one which we obtained in Eq. (3.3)
on page 15, which may write in terms of the components F µ

νσ of some connection
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form F as

K(Dγ̈U) = K(Dγ̈((π∗U)h + (KU)v)) = K(Dγ̈((π∗U)h + U (1)αXv
α))

= K(Dγ̈(U
(1)αXv

α))

=

(
v̇(0)µ∂(0)µU

(1)α + Γαµν v̇
(0)µU (1)ν

+
1

gκλv(1)κv(1)λ

(
v(1)αgµν − δ

(1)α
(1)µgνσv

(1)σ
)
v̇(1)µU (1)ν

)
Xv
α

def
=

(
v̇(0)µ∂(0)µU

(1)α + F
(1)α
(0)µν v̇

(0)µU (1)ν + F
(1)α
(1)µ(1)ν v̇

(1)µU (1)ν
)

Xv
α

=
(
γ̈(U (1)α) + (ιγ̈F )

(1)α
(1)βU

(1)β
)

Xv
α.

(3.11)
Since π∗N = π∗γ̇

v = 0, the horizontal parts satisfy the usual parallel-transport
condition:

π∗(Dγ̈U) = ∇γ̇(π∗U), (3.12)
implying that for the horizontal subspaces, the Fermi-Walker connection form is
related to the Riemann connection form Γ as

π∗((ι(π∗γ̈)hF )((π∗V)h)) = ιπ∗γ̈Γ(π∗V).

Let us now consider a gauge transformation on X, again taking its expression
in local coordinates to be a representation of some group action on the fibres above
points on T M (instead of M). Since the group action must be vertical, this leaves
the horizontal parts of vectors unchanged. Thus we have

U = ah + bv 7→ U′ = ah + (Lb)v,

where L is a linear operator of the kind that we have discussed earlier. Then in
order for the Fermi-Walker transport condition to hold good, we must have that for
a given curve, Lγ̇ = γ̇. While this was not permissible when we were formulating
Fermi-Walker transport as a connection on M (since the vertical automorphism on
the principal bundle depends only on the point on the base manifold), in this case
our base manifold is T M itself: that is, for verticality we now require Lvv = v
for all v in the 7-submanifold, rather than Lpup = up for all u ∈ X(M) (which
would trivially yield only the identity). But the group of linear transformations
that preserve a timelike momentum is exactly the Lie group SO(3), the rotation
group in 3 dimensions (cf. Appendix B on page 47).

Finally, recall that the holonomy from transport along cyclic curves on mani-
folds corresponds to group actions of elements of the corresponding structure groups.
But at each point, the set of all such group actions is exactly the set of all such rep-
resentations of vertical automorphisms. We conclude, from the above discussion,
that Fermi-Walker transport along a timelike trajectory results in pure rotations on
transported vectors, including the Thomas precession as a special case.

3.2.2 Photons
For transport along null geodesics, the above result gives us that Fermi-Walker

transport is defined, again, as parallel transport by the induced connection on a
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submanifold defined implicitly by the condition g(v, v) = 0. However, this tells us
also that the normal vector field, vv, is null; as we have discussed earlier, there
exists no uniquely-defined projection operator onto the orthogonal complement of
a null vector field, since v lies in both the tangent bundle of the submanifold and
in the normal bundle. One approach to this is (following Samuel and Nityananda
[27]) calculating parallel transport along the submanifold of not merely vectors in
its tangent bundle, but rather equivalence classes

[U] = {U + λvv|U ∈ V(T M), λ ∈ R} . (3.13)

In principle, this reduces the dimensionality of the subbundle by 1, leading
to an interpretation of Fermi-Walker transport as parallel transport by an induced
connection on a tangent bundle of codimension 2 — although the submanifold of
T M is itself of codimension 1. This reduction of the dimensionality of the fibre can
be effected by means of a projection of the form that we have outlined in § 2.2.2.

However, if vv is null, then the vertical subspaces of the submanifold are
spanned by vv and two other spacelike vertical vectors. As above, gauge trans-
formations on X must leave v invariant, yielding the isotropy group SE(2) (for null
vectors); however, when applied to the equivalence classes, they result in purely
spatial rotations: this reduces the isotropy group to U(1), which is abelian. Much of
the nontrivial behaviour that we will later examine relies on the nonabelian nature
of the isotropy group SO(3). In view of this, we will henceforth restrict our attention
to spin-1

2
particles (e.g. electrons) in the massive case.



4 | Flat Spacetime

The Cartesian basis in flat spacetime with respect to a laboratory frame (such
that the tangent vector of the world-line of the laboratory observer is defined to
be ∂0, and the metric takes the matrix representation in coordinates g =̂ η =
diag(1,−1,−1,−1)) provides a convenient framework in which to analyse some el-
ementary properties of the double bundle construction, doubly so because the Rie-
mannian parallel transport map in flat spacetime is globally integrable (and trivial).
The Riemannian parallel transport map is, however, not our ultimate concern, since
we are treating not the spacetime manifold, but the mass-shell submanifold of its
tangent bundle, as the fundamental mathematical object in question: we evaluate
holonomy with respect to the Fermi-Walker connection on this submanifold instead.
However, gauge covariance is only assured for holonomy evaluated with respect to
closed paths — in this case for paths in the tangent bundle. This is true even
though the spacetime manifold is flat, which prima facie relaxes this condition for
the Riemann holonomy (but not for the Fermi-Walker one). That is, for all curves
under consideration, our initial and final 4-velocities must be the same. In curved
spacetimes this is of course only possible if the projections of the curves onto the
spacetime manifold be also cyclic.

However, not all spacetimes admit closed timelike curves (in particular, the flat
manifold does not). To get around this topological difficulty, we construct closed
curves in a piecewise fashion by considering two curves γ1 and γ2 : [0, 1] → M such
that γ1(0) = γ2(0) = p ∈ M, γ1(1) = γ2(1) = q ∈ M, γ̇1(0) = γ̇2(0) = v ∈ TpM,
and γ̇1(1) = γ̇2(1) = u ∈ TqM. Then since the curve

γ(t) =

{
γ1(2t) 0 ≤ t ≤ 1

2

γ2(2− 2t) 1
2
< t ≤ 1

is a closed curve in M, and the tangent vectors of γ1 and γ2 are identical at its
endpoints, its lift γ̇ : [0, 1] → T M is also a closed curve in T M. If γ1 and γ2
induce linear maps Tγ1 , Tγ2 : Tv(TpM) → Tu(TqM) from the Fermi-Walker parallel
transport map, then the Fermi-Walker holonomy induced by γ is given as Tγ :
Tv(TpM) → Tv(TpM) = T−1

γ2
◦ Tγ1 .

There exists one additional caveat: closed curves on M may not even be
connected on T M (see Fig. 4.1). However, as we will see, there exists a natural
procedure to close up open curves in T M that are already closed in M, by means
of second-order geodesics on T M (defined with respect to the second-order connec-
tion). In this chapter, we will examine this procedure as it emerges in flat spacetime.

For convenience, we evaluate the Fermi-Walker parallel transport map extrin-
sically, by constructing a linear system of differential equations for the components
of a given 4-vector out of the local representations of the appropriate Fermi-Walker
transport condition, and evaluating the path-ordered exponential integral of the re-
sulting matrix coefficients, just as we do for the Riemannian parallel transport map
(cf. Eq. (2.3) on page 5). Let us first consider some known results.

25
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γ1

γ2

(a)

γ1

γ2

(b)

Figure 4.1: Curves on M: The piecewise curve γ depicted in (a) is closed in M,
but not in T M. For closure in T M we require that the initial and final velocities
of the curve segments also be equal, as in (b).

4.1 Uniform acceleration and boosts

First, consider the worldline of a particle moving in flat spacetime with a con-
stant acceleration α (more precisely, g(K(γ̈), K(γ̈)) = −α2). With the usual choice
of orthonormal basis yielding the Minkowski metric, we can express the trajectory
of the particle in coordinates as [2]

γ(τ) =̂


x0(τ)
x1(τ)
x2(τ)
x3(τ)

 =
1

α


sinhατ

coshατ − 1
0
0

 , (4.1)

yielding the tangent vector

γ̇(τ) = ẋµ(τ)∂µ =̂


ẋ0

ẋ1

ẋ2

ẋ3

 =


coshατ
sinhατ

0
0

 , (4.2)

and acceleration (noting γ̈(τ) ∈ X ⊂ T T M)

K(γ̈(τ)) = ẍµ(τ)∂µ =̂


ẍ0

ẍ1

ẍ2

ẍ3

 = α


sinhατ
coshατ

0
0

 . (4.3)

In the usual formulation of special relativity, the parallel transport map is
applied to vectors parallely transported along γ, a curve on M. In this case, we
compute the parallel transport map for transport along γ̇ on the mass-shell subman-

ifold of T M of a vertical 4-vector field S(τ) = SµXv
µ =̂

[
S0

S1

S2

S3

]
lying in the vertical

bundle to the mass-shell submanifold. The condition for parallel transport owing
to the induced connection on the vertical bundle can be found from inserting the
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above expressions into Eq. (3.11) on page 23, yielding1

K(Dγ̈S) = 0 =⇒ d
dτ


S0

S1

S2

S3

 =


0 α 0 0
α 0 0 0
0 0 0 0
0 0 0 0


︸ ︷︷ ︸

def
=A


S0

S1

S2

S3

 . (4.4)

We see immediately that this generates the matrix representations of Lorentz
boosts in the Xv

1 direction. In terms of the usual fibre-bundle quantities, the matrix
A is the representation in coordinates of the Lie-algebra values of the interior product
of the tangent vector γ̈ with the Fermi-Walker connection form F : A = −ρ(ιγ̈F )
(see § 2.1 and § 3.2.1 on page 4 and on page 21). We observe that we can set χ = ατ
as an affine reparameterisation; in this manner we recover the classical rapidity as
an affine parameter for curves on T M, since the parallel transport map can then
be compactly expressed as

T0→χ =̂ P exp


∫ χ

0


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 dχ

 =


coshχ sinhχ 0 0
sinhχ coshχ 0 0

0 0 0 0
0 0 0 0

 , (4.5)

which is a well-known result. Note the sign difference between this and the usual
Lorentz boost for a change of basis to a frame moving in the +x direction; the
latter is a passive operation, whereas this is an active operation. In the limit of
α → ∞, the resulting curve on T M satisfies π◦ γ̇(χ) = γ(0); it is entirely vertical in
T M (corresponding to an instantaneous acceleration). In other words, the vertical
parallel transport map of a constant-acceleration curve on T M generates vertical
automorphisms on T M under the connection map in the limit of the curve itself
becoming vertical.

4.1.1 Second-order Geodesics
In the context of the second-order bundle construction, the uniformly-accelerated

curve takes on a new significance of being a second-order geodesic:

Definition 4.1. Let D be the induced “Fermi-Walker” connection on the mass-
shell 7-submanifold of T M. A second order geodesic with respect to D is a curve γ̇ :
[0, 1] → T M satisfying the second-order geodesic equation K(Dγ̈ γ̈) = 0. Explicitly,
by Eq. (3.10) on page 22:

K(Dγ̈ γ̈) = ∇γ̇K(γ̈) +
g(Kγ̈,Kγ̈)

g(γ̇, γ̇)
γ̇ − g̃(γ̇v, γ̈)

g(γ̇, γ̇)︸ ︷︷ ︸
g̃(γ̈,γ̇v)=0

K(γ̈)

= ∇γ̇∇γ̇ γ̇ +
g(∇γ̇ γ̇,∇γ̇ γ̇)

g(γ̇, γ̇)
γ̇ = 0.

(4.6)

1In this and the following chapter, we show analytic expressions as evaluated using Mathematica.
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Remark. In local coordinates, this sets up a third-order system of ODEs as

d
dτ (ẍµ + Γµνσẋ

ν ẋσ)+Γµλκẋ
κ
(
ẍλ + Γλνσẋ

ν ẋσ
)
+ẋµgαβ (ẍ

α + Γανσẋ
ν ẋσ)

(
ẍβ + Γβλκẋ

λẋκ
)
= 0.

(4.7)
Remark. Observe that if γ is a first-order geodesic, then K(γ̈) = 0, and all the
above terms vanish (as we would expect, since Fermi-Walker transport must reduce
to parallel transport on first-order geodesics). Thus all first-order geodesics are also
second-order geodesics [30].

Proposition 4.1. The constant-acceleration curve as parameterised in Eq. (4.1) is
a second-order geodesic.

Proof. We substitute expressions from Eqs. (4.2) and (4.3) into the second-order
geodesic equation:

K(Dγ̈ γ̈) =
d
dτ K(γ̈) +

g(K(γ̈), K(γ̈))

g(γ̇, γ̇)
γ̇

= α2γ̇ +

(
−α2

1

)
γ̇ = 0.

(4.8)

Now, suppose γ̇ : [0, 1] → T M is a second-order geodesic on T M under
the Fermi-Walker connection: K(Dγ̈ γ̈) = 0. Let L be a linear map T M → T M
preserving g: g(Lu, Lv) = g(u,v). Then with L∗uv = (Lu)v (so that Fig. 4.2
commutes), we have

L∗g̃(U,V) = L∗π∗g(U,V) + g(K ◦ L∗U, K ◦ L∗V)

= π∗g(L∗U, L∗V) + g(L ◦KU, L ◦KV)

= g(Lπ∗U, Lπ∗V) + g(KU, KV)

= g̃(U,V),

(4.9)

so L∗g̃ = g̃: L is an isometry on T M with respect to the Sasaki metric.

XX ⊂ T (T M)

T M T M

(·)v

L

L∗

(·)v

Figure 4.2: Lifts of isometries into the second-order bundle

Since L is an isometry, under the pushforward map we must haveK(D(L∗γ̈)(L∗γ̈)) =
K(L∗Dγ̈ γ̈) = LK(Dγ̈ γ̈) = 0, so L◦ γ̇ is also a second-order geodesic on T M: that is,
isometries on T M preserve second-order geodesics (this a generalisation of the equiv-
alent statement for first-order geodesics on (pseudo)Riemannian manifolds [14]).
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The corresponding parallel transport maps can then be found as TL◦γ̇ = adL∗ Tγ̇.
In particular, if L is a vertical automorphism of the type that we have explored in
Chapter 3, then it is an isometry on T M. Likewise, if φ is an isometry on M (e.g.
the flow of a Killing vector), its pushforward φ∗ is also an isometry on T M.

4.2 Circular motion and rotation

Let us now examine Thomas precession in the framework of Fermi-Walker
transport in flat spacetime. Consider a particle moving in a circle of radius ϵ with
fixed speed, with the centre of the circle at a distance r0 from the coordinate ori-
gin: for consistency with the parameterisation used in [15], we give its Cartesian
coordinates as 

x0

x1

x2

x3

 =


τ coshχ

r0 + ϵ cos( sinhχ
ϵ
τ)

ϵ sin( sinhχ
ϵ
τ)

0

 , (4.10)

where τ is the proper time, ϵ is the radius of the circle, and χ is the rapidity.
Its tangent vector is then given as

γ̇ =̂


ẋ0

ẋ1

ẋ2

ẋ3

 =


coshχ

− sinhχ sin( sinhχ
ϵ
τ)

sinhχ cos( sinhχ
ϵ
τ)

0

 . (4.11)

Again, substituting these into Eq. (3.11), applied to a vertical 4-vector field
S(τ) = SµXv

µ, yields the Fermi-Walker transport condition

d
dψ

[
S0

S1

S2

S3

]
=

[
0 cosψ coshχ sinhχ sinψ coshχ sinhχ 0

cosψ coshχ sinhχ 0 − sinh2 χ 0

sinψ coshχ sinhχ sinh2 χ 0 0
0 0 0 0

]
︸ ︷︷ ︸

=A

[
S0

S1

S2

S3

]
, (4.12)

where we have defined ψ = sinhχ
ϵ
τ . Since ϵ and χ are constant along the curve, this

is again an affine reparameterisation. Again, we do this in order to permit us to
examine how to recover the linear transformation associated with an instantaneous
rotation (in the limit ϵ→ 0).

It proves more convenient to solve this differential equation in a different ba-
sis. In particular, consider a set of (vertical) basis vector fields {Eα(τ)} such that
E0(τ) = γ̇(τ) and g̃(Eα,Eβ) = ηαβ. This change of basis is given in coordinates by
the matrix Eµ

ν . We choose the following ansatz for E:

E =


1 0 0 0
0 cosψ − sinψ 0
0 sinψ cosψ 0
0 0 0 1




coshχ 0 sinhχ 0
0 1 0 0

sinhχ 0 coshχ 0
0 0 0 1



1 0 0 0
0 cosψ sinψ 0
0 − sinψ cosψ 0
0 0 0 1

 ,
such that S = SµXv

µ = SµEα
µ (E

−1)ναXv
ν = (ES)αEα.

This is a passive gauge transformation (change of basis on the vertical sub-
space), and so the Fermi-Walker transport condition in local coordinates transforms
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as a connection form via Eq. (3.2) on page 12, permitting us to evaluate the parallel
transport map locally:

d
dψE


S0

S1

S2

S3

 =

(
EAE−1 +

(
d

dψE
)
E−1

)
E


S0

S1

S2

S3



= 2ψ sinh2 χ

2


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

E

S0

S1

S2

S3


=⇒ T0→ψ =̂ P exp

[∫ ψ

0

A dψ
]
= E−1(ψ) exp

{
2ψ sinh2 χ

2

[
0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

]}
E(0).

(4.13)
Note that we have reversed the ordering of the adjoint operation and the Maurer-
Cartan form (compare the passive transformation rule from Appendix A on page 42),
since the matrix E acts on the column vector from the left (instead of from the right
in the case of principal bundles). The matrix exponent is quite clearly a rotation
matrix, an element of SO(3). However, the total parallel transport map is not in
SO(3) owing to the additional factors of E, which are (also quite clearly) pure boosts.

Figure 4.3: Closed curve in M from circular-motion trajectory. This curve is not
closed in T M, but closure can be recovered by joining endpoints together with
vertical geodesics.

Compare our above expression for Eα = (E−1)µαXv
µ against the matrix ex-

pression for the vertical parallel transport map of a uniformly accelerated observer
TS = T (SµXv

µ) = Sµ(T νµXv
ν ) = (T µν S

ν)Xv
µ. Since both of them have the structure

of matrix multiplication by some (invertible) square matrix on the components of
Sµ, and since we know that E is a pure boost, and given that the vertical parallel
transport maps for constant-acceleration curves on T M have local expressions that
are also pure boosts, it follows that we can select two vertical constant-acceleration
curves, such that the composition of parallel transport maps T2 ◦ T ◦ T1 lies in
SO(3). For this to be so, we then require that in coordinates, T1Xv

α = Eα(0) and
T2Eα(ψ) = Xv

α. The overall path then corresponds to the trajectory in T M of a
particle initially at rest, then accelerated to match velocities with the circular mo-
tion, then moved in the circle, and then decelerated to match velocities with the
laboratory frame: all entirely active operations on the tangent bundle.

Note that this is not even a closed curve in M, since the start and end points of
the trajectory (which we will refer to as γ1) are in general not the same. We restore
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cyclicity following our discussion at the start of this chapter, with a second curve
going in a (first-order) geodesic from the initial to the final point of the circular
path (see the dashed curve in Fig. 4.3; we will refer to this as γ2). Cyclicity in T M
is assured by the initial and final boosts applied to the transported vertical vector
field at the start and end of the solid path, corresponding to geodesics in T M. This
results in a closed curve in T M; the Thomas precession is the holonomy on this
curve, found by composing vertical parallel transport maps.

We see that, as ϵ → 0, this once again gives us a purely vertical curve on the
mass-shell submanifold, corresponding to an instantaneous rotation of the velocity
vector by an angle ψ. However, we observe that the vertical parallel transport map
is not the same as would have emerged from a vertical geodesic. In particular, for
ψ = 2π, the unique vertical geodesic connecting the initial and final velocities gives
a vertical parallel transport map that is trivially the identity, whereas the vertical
parallel transport map that arises from the Thomas precession gives a rotation by
an angle of 2π(1− coshχ) [15, 17].

Our discussion of circular motion illustrates that whereas there may exist many
vertical curves connecting a given initial and final velocity above a point on the
manifold, not all of them may be geodesics. From the usual theory of SO(1,3) (e.g.
[17]) we know that for every pair of 4-momenta there exists a unique element of
the quotient group SO(1,3)/SO(3) (i.e. a pure boost) that takes one momentum to
the other in flat spacetime. Since pure boosts are generated by vertical geodesics
over flat spacetime (by Prop. 4.1), in the context of this double-bundle construction,
this is a statement of geodesic uniqueness between any two points on the mass-shell
submanifold over flat spacetime. This is then also suggestive of a general procedure
to turn piecewise-smooth paths like those in Fig. 4.1a on page 26 into closed curves in
T M: we apply the vertical parallel transport map V (1)

12 associated with the second-
order geodesic connecting γ̇1(1) to γ̇2(1), and V

(0)
21 for the vertical geodesic going

from γ̇2(0) to γ̇1(0). The overall holonomy can then be evaluated as

Tγ = T−1
γ2
V

(1)
12 Tγ1V

(0)
21 . (4.14)

As a final note: We have maintained a careful distinction between Lorentz
boosts in their separate capacities as changes of basis and vertical parallel transport
maps. The former are passive transformations, corresponding to freedom of choice
of coordinates (i.e. changes of charts on M and associated coordinate bases on T M
and their vertical lifts), whereas the latter correspond to actual physical processes:
they are the vertical parallel transport maps resulting from geodesic motion on T M
where M is flat. Conveniently enough, in flat spacetime, these geodesics happen
to be paths of constant acceleration, and the corresponding parallel transport maps
are, also conveniently, boosts. This does not necessarily obtain in curved spacetimes.



5 | EPR Correlations

The nonrelativistic phenomenology of spin relies on the representation theory
of the rotation group SO(3) ⊂ SO(1, 3), whose irreducible representation spaces are
spanned by states |j,mj⟩ indexed by the angular momentum quantum numbers. The
additional generators of SO(1, 3) (which is noncompact) require this phenomenology
to be modified; a full discussion of this lies beyond the scope of this thesis (see e.g.
[33]). For our purposes, it suffices to note the following facts:

1. The states |k; j,mj⟩, indexed by the momentum 4-vector and the angular
momentum quantum numbers j and mj, form a complete basis on the Hilbert
space of single-particle states. They are also the irreducible representation
spaces of SO(1,3). In flat space in particular, we can always find a reference
frame in which l = 0, in which case the spin quantum numbers s,ms are
equivalent descriptions.

2. The components of the spin operator transform under the action of some
rotation in SO(3) as a 3-vector:

RĴ iσ,σ′R−1 =
s∑

α,β=−s

D(R)σ,αĴ
i
αβD(R−1)β,σ′ = Ri

jĴ
j
σ,σ′ .

This representation is unitary and finite-dimensional, which is possible because
SO(3) is compact. Where, in some basis, {Ĵ i} are the matrix-valued spin
operators acting in the directions of the spatial basis vectors, then for a rotation
by some angle θ around an axis given by the unit vector n =

∑
i niei, we have

D(R) = exp
[
− i

ℏ
θ
∑
i

Ĵ ini

]
.

The quantum states themselves transform under such rotations as

|k; s, σ⟩ =
∑
σ′

D(R)σ,σ′ |k; s, σ′⟩ .

In curved spacetime, we must modify this description still further by specifying a
point x ∈ M on the manifold, whereat observations of the quantum state are made
in some locally inertial reference frame. Restricting this formalism to locally inertial
reference frames (i.e. choosing a canonical orthonormal metric η for all reference
frames) induces a reduction on the structure group of the tangent bundle (and as-
sociated principal bundle; see e.g. [14]). Such a reduction is described by a solder
form θ : T M → E, where E is the reduced vector bundle. The parallel transport
map Tx→y : TxM → TyM, where x, y ∈ M are connected by a curve, has a corre-
sponding image map Lx→y : Ex → Ey, which preserves the standard metric on E
(i.e. gy(Tux, Tvx) = η(L◦ θux, L◦ θvx) = η(θux.θvx) = gx(ux,vx)), and is therefore
a representation of the group action of the reduced structure group, in this case

32
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SO(1,3). The representation theory of SO(1,3) then gives rise to Lorentz transfor-
mation laws for spin-momentum (or, for photons, helicity-momentum) eigenstates
[34, 35]. In our double-bundle construction, recognising that X ≃ T M⊕ T M, we
must perform a similar reduction as θ̃ : X → Y such that Y ≃ E ⊕E. In that case,
evaluating parallel transport maps on the vertical bundle gives us group actions on
SO(1,3) as well.

In summary: SO(1,3) is the structure group of the orthonormal tetrad bundle,
and SO(1,3)-valued holonomy emerges with respect to the parallel transport map
along cyclic curves in spacetime manifolds. This holonomy can be probed by per-
forming EPR correlation experiments, and comparing directions along which Bell’s
Inequality is maximally violated [16, 18, 19, 36, 37]. In this chapter, we will review
the extant literature on EPR correlations in flat and curved spacetimes, and explore
the predictive consequences of the second-order bundle constructions on such EPR
correlation experiments as performed on massive spin-1

2
particles.

5.1 Relativistic EPR correlations

Consider a pair of electrons prepared in the spin-singlet state. Where a global
coordinate system is available, we can choose two arbitrary directions (specified by
3-dimensional unit vectors n̂1 and n̂2), and measure the quantity [18]

Σ =
⟨
Â⊗ Ĉ

⟩
+
⟨
B̂ ⊗ Ĉ

⟩
+
⟨
Â⊗ D̂

⟩
−

⟨
B̂ ⊗ D̂

⟩
, (5.1)

with
ℏ
2
Â = Ŝn̂1

ℏ
2
B̂ = Ŝn̂2

ℏ
2
Ĉ = − 1√

2

(
Ŝn̂1 + Ŝn̂2

)
ℏ
2
D̂ =

1√
2

(
Ŝn̂1 − Ŝn̂2

)
.

Bell’s inequality then requires that, when the expectation values of these quan-
tities are computed using local-realist theories, Σ ≤ 2. In quantum mechanics, how-
ever, the upper bound is Σ ≤ 2

√
2, instead, with equality (at least theoretically)

when n̂1 and n̂2 are spatially orthogonal: e.g. with n̂1 = x̂, n̂2 = ẑ.
Terashima and Ueda [18] examined the consequences of measuring Σ with

respect to a set of measurement axes situated in an observation (laboratory) frame
moving relative to the centre-of-mass frame in which the singlet state was prepared.
This result has been interpreted as a relativistic spin precession resulting from the
Lorentz transformation rule on the Hilbert space of spin states, taking representation
values from SO(3) [18, 36]. They predicted that, with measurement directions n̂1 =
ẑ, n̂2 = ŷ, measuring Σ in the laboratory frame would yield an upper bound Σ ≤
2
√
2 cos2 δ, where δ was predicted to satisfy

tan δ = sinh ξ sinhχ
cosh ξ + coshχ.
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The usual upper bound could then be restored by rotating measurement directions
by an angle +δ around the y-axis for the measurements of the electron moving in
the positive x direction, and by −δ for the one moving in the negative x direction.
Equivalently we can rotate the measurement axes for the first electron around the
y-axis by a total angle of +2δ; but this is exactly the group action of an element of
SO(3). In the formulation we will use, it suffices to calculate the holonomy element
of SO(3), which we relate to experimental variables as the rotation applied to one set
of measurement axes that is required to restore maximal Bell’s inequality violation.

We wish to frame this calculation within the analytical context of the second-
order bundle construction, in order to generalise it to curved spacetimes and compare
it to other extant generalisations (e.g. [16, 19, 37]). Rather than reproducing the
calculations, we will briefly outline the steps taken, and point out the crucial steps
in reconciling these calculations with the second-order bundle approach.

In their paper, Terashima and Ueda (and later Alsing et al. [36]) considered the
composition of Lorentz boosts (see Fig. 5.1) going from the electron’s rest frame (in
which its momentum is represented by the standard timelike vector k = [m, 0, 0, 0]),
to the centre-of-mass frame (in which its momentum has components p+ = L(p+)k),
to the laboratory frame (p =̂ Λp+, where Λ is the Lorentz boost from the centre-of-
mass frame to the measurement frame), and back to the electron’s rest frame, with
the electrons moving with speed v = tanh ξ in the x̂ direction in the centre-of-mass
frame, and the laboratory observer moving with speed V = tanhχ in the ẑ direction
relative to the centre-of-mass frame. Since the electron’s own momentum is left
unchanged by this series of boosts, composing them must return a matrix in SO(3).
They then calculated the element of SO(3), W = L(Λp+)−1ΛL(p+), that resulted:
a rotation around the y-axis by an angle δ.

Electron 1’s rest frame: k Centre-of-mass frame: p+

Measurement frame: Λp+

+δ

L(p+)

Λ
L(Λp+)−1

Figure 5.1: Sequence of boosts giving rise to rotation angle δ [18]

The discussion so far has centred around choices of frames (which we under-
stand to be different choices of basis on T M), and Lorentz boosts acting as changes
of basis — all entirely passive operations leaving the electron momentum unchanged.
In the context of the double bundle construction, we must replace all of these with
active operations. We recognise that, in flat spacetime, a Lorentz boost in flat space-
time arises from evaluating the vertical parallel transport map along a vertical path
on the mass-shell 7-submanifold of T M, following our earlier discussion. The se-
quence of boosts described in Fig. 5.1 then also describe the composition of vertical
parallel transport maps under a closed path in the vertical bundle of this mass-shell
submanifold (modulo identification of all spatial points thanks to global parallelism,
resulting in a “mass-shell 3-hyperboloid”; see § 2.2.3 on page 10, and [15]), with the
electron momenta describing points on this submanifold. Under this interpretation,
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Centre-of-mass momentum: k1Electron 1’s momentum: p+

Measurement frame: k2

+δ

V+

T
some vertical geodesic

Figure 5.2: Active transformations resulting in δ; the directions of the maps are
reversed as we are now using active, rather than passive, transformations

we can understand the spin-precession result as follows: the SO(3) element yielding
a rotation by δ results from composing the vertical parallel transport maps along
the vertical geodesics required to accelerate the electron from the centre-of-mass mo-
mentum k1 to p+, then to match velocities with the measurement equipment such
that it has momentum k2, and then bring it back to the centre-of-mass frame (see
Fig. 5.2), thereby executing a closed loop in the velocity 3-hyperboloid. However,
whereas the first two steps do correspond to actual physical processes, the final
boost does not correspond to any acceleration (since the electron is not returned
to the centre-of-mass speed after the measurement). In order to recover a closed
loop, we need to take the second electron into account: the same calculation for
the second electron gives us a holonomy angle of −δ. Composing the two (Fig. 5.3)
gives us a closed curve in the mass-shell hyperboloid consisting entirely of geodesic
segments corresponding to physical accelerations; under the vertical parallel trans-
port map this gives us an overall holonomy on the mass-shell hyperboloid, in SO(3),
as rotation around the y-axis by an angle +2δ.

Centre-of-mass: k1Electron 1: p+ Electron 2: p−

Measurement frame: k2

+2δ

V+

T1 T−1
2

V−
−1

Figure 5.3: Composition of active transformations resulting in 2δ

5.2 Curved Spacetimes

Historically, Bell’s Inequality has been used as an experimental check for the
validity of the EPR paradox: in a nonrelativistic context, the inequality arises from
the anticorrelatedness of the spin singlet state, with such anticorrelation persisting
even were the measurement events to occur at spacelike separation, outside of each
other’s past light cones (so that they cannot have affected each other causally).
We have seen that in flat spacetime, global parallelism permits us to ignore spatial
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separation in terms of computing the SO(3) holonomy element; we consider the ver-
tical parallel transport as resulting only from motion on an effective 3-hyperboloid.
However, this poses problems for us in the context of curved spacetimes, since a
comparison of measurement directions must then depend on the parallel transport
map on the base manifold, which in turn depends on the path taken, if spacetime is
not flat. In order for any comparison of spin correlations along different directions
to be meaningful in curved spacetimes, these measurements must be made in such
a way that the trajectories of the entangled pair describe a closed curve in M (as in
Fig. 4.1a on page 26). However, as we have noted, this does not necessarily result
in a closed curve on T M — which is a necessary condition if we are to compute a
G-valued integral that transforms correctly under gauge transformations (i.e. under
vertical automorphisms of the associated principal bundle). We will examine differ-
ent ways of enforcing closure in T M in order to return a gauge-covariant element
of SO(3) as holonomy.

In the interests of providing a concrete basis for computation, let us restrict
our attention to the Schwarzschild spacetime with local coordinates {t, r, θ, φ}. We
effect the bundle reduction by introducing a vertical orthonormal basis


E0

E1

E2

E3

 =


1√

1− 2M
r

Xv
0√

1− 2M
r

Xv
1

1
r
Xv

2
1

r sin θXv
3

 (5.2)

so that g̃(Eµ,Eν) = ηµν . These are the vertical lifts of the usual static-observer
tetrad {eµ} in the Schwarzschild geometry: Eµ = (eµ)v ⇐⇒ K(Eµ) = eµ.

5.2.1 Compositions of local boosts
Terashima and Ueda [19] and Bakke et al. [16] both calculate the rotation angle

δ for circular trajectories around the central mass in the Schwarzschild manifold M.
While they both consider open curves on M, we could modify their setup to yield
a closed curve on M, per Fig. 5.4. This is essential to, but not the focus of, the
following discussion.

p = γ1(0) = γ2(0) q = γ1(1) = γ1(1)

γ1

γ2

Figure 5.4: Two circular trajectories from p to q forming a closed curve on M, but
again not T M
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Bakke et al. evaluate a Wigner rotation angle via computing the Fermi-Walker
map with respect to a choice of Dirac γ matrices (in 2+1 dimensions) that does
not generalise properly to 3+1 dimensions. Performing the same calculation via
the sl(2,C) representation of so(1, 3) (see Appendix B.1.2 on page 48) yields a
nonunitary matrix, which cannot be a representation of an element of SO(3). This
discrepancy emerges because, with respect to the orthonormal basis, the Fermi-
Walker holonomy takes the form of some matrix in SO(1,3), of which SO(3) is a
subgroup. While elements of SO(3) are recovered by demanding that the standard
timelike vector is unchanged by left multiplication by this matrix (cf. Appendix B.2
on page 48), in general the holonomy is not itself a member of this subgroup, but
rather can be expressed as ΛRΛ−1 (where R ∈ SO(3) and Λ ∈ SO(1, 3)/SO(3) is a
pure boost), which leaves some other timelike vector invariant.

Electron 1’s rest frame: k Tetrad frame: p+

Measurement frame: Λp+

1 + r δτ

L(p(τ))

Λ = 1 + ω δτ
L(Λp(τ))−1

Figure 5.5: Composition of boosts to obtain the infinitesimal rotation r

Terashima and Ueda avoid this difficulty by explicitly evaluating an element
of SO(3). Working in the orthonormal basis, they treat the linear transformation
returned by the pullback of the connection form along the curve, ω dτ = γ̇∗F
(see § 2.1 on page 4; now our tangent vector lives in X, instead of T M, and we
use the Fermi-Walker connection F instead of the Riemannian one Γ), as a local
matrix-valued infinitesimal element ω(τ) δτ (for which the corresponding one-form
is the limit as δτ → 0) of the fundamental matrix representation of so(1, 3). This
is mapped to an element r of so(3) by means of a composition of boosts: at each
point, a sequence of boosts (following Fig. 5.5) is applied, treating Λ ∼ (1+ωδτ) as
an infinitesimal “local Lorentz transform” owing to gravity over an interval of the
affine parameter τ , thus yielding 1 + r ∼ L((1 + ωδτ)p)−1(1 + ωδτ)L(p). The total
element of SO(3) is then found by taking the path-ordered integral (say over γ1):

R1 = lim
δτ→0

1∏
τ=0

(
L ((1 + ω (τ) δτ) p (τ))−1 (1 + ω (τ) δτ)L (p (τ))

)
= lim

δτ→0

1∏
τ=0

(1 + r(τ)δτ)

= lim
N→∞

N∏
k=0

(
1 + r · k

N

)
= P exp

[∫
γ1

r(τ)dτ
]
.

(5.3)

However, we observe that, in this infinitesimal language, we have in compo-
nents (1 + ωδτ)p(τ) = p(τ + δτ). Consequently, the above integral is equivalent
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to applying Lorentz boosts to the Fermi-Walker map only at the endpoints of the
trajectory:

R1 = L(p(1))−1P exp
[∫

γ1

ω dτ
]
L(p(0)).

An element of SO(3) corresponding to the entire curve can then be found as R =
R−1

2 R1.

5.2.2 Vertical Closure on the Tangent Bundle
While the scheme that Terashima and Ueda have proposed sounds reasonable

in principle, it also elides some physical details which, given the relationship between
Fermi-Walker transport and the double-bundle construction, remain relevant and
should not be ignored. In particular: observe that the map Λ as above is an active
transformation, resulting from the infinitesimal Fermi-Walker parallel transport map
between two infinitesimally-separated points along the path γ, whereas the maps
L(p) are passive transformations, resulting from changes of basis. Whereas it is valid
to employ Lorentz boosts in this latter capacity, the use of an active transformation
to describe the vertical parallelism map from horizontal motion on the manifold
requires also that we describe vertical motion via active transformations too. Our
discussion on flat spacetime now requires us to replace these Lorentz boosts with
the corresponding vertical parallel transport maps V resulting from vertical geodesic
motion on the tangent bundle over the Schwarzschild manifold.

Emission centre-of-mass momentum k1

Electron 1: p+(0) Electron 2: p−(0)

Electron 1: p+(1) Electron 2: p−(1)

Measurement apparatus momentum k2

Tγ

V
(0)
+

T1 = Tγ1

V
(1)
+ V

(1)
−

−1

T−1
2 = Tγ2

−1

V
(0)
−

−1

V
(0)
21

V
(1)
12

Figure 5.6: Parallel transport maps for two different paths on T M; composition of
these active transformations results in overall holonomy Tγ ∈ SO(3) for both paths.

By analogy with our analysis for flat spacetimes, the experimental setup in
Terashima and Ueda [19] results in holonomy on T M via composing a sequence of
active operations that we depict in Fig. 5.6 using solid lines. The local Lorentz boosts
that appear in their calculation are now replaced with vertical parallel transport
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maps induced by either Fermi-Walker transport along the base manifold (the maps
Tγ1 and Tγ2), or along vertical geodesics connecting the velocities of the endpoints of
the two pieces of the curve at the initial and final points (the mappings V ; compare
Eq. (4.14) on page 31). Note that this differs from the proposed holonomy integral in
Bakke et al. [16] vis-a-vis the vertical maps V — their paper fails to take them into
account altogether, resulting in an overall curve that, even extended to the full circle,
would still not be closed in T M (this is why their integral is not SO(3)-valued).

In this formulation we have assumed that the initial centre-of-mass momenta
of the entangled pair, and the momentum of the measuring apparatus, are both of
physical relevance to the outcome of the EPR correlation experiment (via calculating
the holonomy rotation angle). Put differently: the holonomy rotation angle will vary
depending on the direction of movement of the measuring apparatus, as well as the
initial momentum of the entangled pair. We could equally have used two different
vertical geodesics V (0)

21 : γ̇2(0) 7→ γ̇1(0) and V
(1)
12 : γ̇1(1) 7→ γ̇2(1) at the start and

endpoints of the curves (the dashed lines in Fig. 5.6), that did not take these pieces
of information into account, and obtained a result consistent with Eq. (4.14) on
page 31 — but owing to the noncommutativity of the Lorentz group, such a result
would in general not be the same as that returned by the scheme above. There
exists no a priori means of determining which is preferred: for this we must defer
to experiment.

5.3 Boosts vs. Second-order Geodesic Maps

Finally, we note that whereas we have replaced the Lorentz boosts with ver-
tical parallel transport maps along vertical geodesics, these might not necessarily
have local representations as boosts of the same form as the kind that Terashima
and Ueda have assumed. In particular, constant-acceleration curves (satisfying
g(K(γ̈), K(γ̈)) = const.), which yield the locally-flat Lorentz boosts, need not nec-
essarily be second-order geodesics on the mass-shell submanifold. Let us illustrate
this with an example of a radial constant-acceleration geodesic (in limit of α→ ∞).
Given a choice of initial radial coordinate r, we can choose a path in the vertical
part of T M, which we can express in the tetrad basis as

γ̇ = ẋµ∂µ = coshατ e0 + sinhατ e1 =̂


coshατ
sinhατ

0
0

 . (5.4)

This sets up a system of differential equations in the coordinates on M, which
can be integrated to yield γ = π ◦ γ̇. Just as in the case of flat spacetime (§ 4.1 on
page 26), we can perform an affine reparameterisation ατ → χ, and take the limit of
α → ∞. Doing so permits us to leave r constant (i.e. we deal with an instantaneous
acceleration), which will greatly simplify the remainder of our calculations.

Following our discussion with flat spacetimes, we compute the vertical parallel

transport equation for a vertical 4-vector field S(τ) = SµEµ =̂

[
S0

S1

S2

S3

]
using the local
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expression Eq. (3.11) on page 23. Doing so yields

d
dτ


S0

S1

S2

S3

 =


0 α

(
1 + 1

α
M
r2

sinhατ sinh 2ατ√
1− 2M

r

)
0 0

α

(
1 + 1

α
M
r2

sinhατ sinh 2ατ√
1− 2M

r

)
0 0 0

0 0 0 0
0 0 0 0



S0

S1

S2

S3

 ,

or, effecting the reparameterisation χ = ατ ,

d
dχ


S0

S1

S2

S3

 =


0 1 + 1

α
M
r2

sinhχ sinh 2χ√
1− 2M

r

0 0

1 + 1
α
M
r2

sinhχ sinh 2χ√
1− 2M

r

0 0 0

0 0 0 0
0 0 0 0



S0

S1

S2

S3

 .
Manifestly this generates pure boosts in the radial direction, in the tetrad basis. In
the limit of α → ∞ (i.e. 1

α
→ 0), we recover Eq. (4.4) on page 27, in which case

these boosts take the same form as Eq. (4.5).
However, such a curve is not a second-order geodesic. Explicitly,

K(Dγ̈ γ̈) = ∇γ̇∇γ̇ γ̇ +
g(∇γ̇ γ̇,∇γ̇ γ̇)

g(γ̇, γ̇)
γ̇

=̂
M

4r4
(
1− 2M

r

)
 4r2

√
1− 2M

r
sinhχ(α(3 sinhχ+sinh 3χ)+2 coshχ)+M(cosh 5χ+cosh 3χ−6 coshχ)

2r2
√

1− 2M
r

(α(sinh 4χ−4 sinh 2χ)+2)+M(sinh 5χ−sinh 3χ−6 sinhχ)
0
0



∼ Mα

2r2
√

1− 2M
r


2 sinhχ(3 sinhχ+ sinh 3χ)

sinh 4χ− 4 sinh 2χ
0
0

 (as α→ ∞)

̸= 0.
(5.5)

Conversely, solutions to the second-order geodesic equation, K(Dγ̈ γ̈), are non-
trivial — this is a third-order nonlinear system of differential equations in the coordi-
nates (cf. Eq. (4.7) on page 28), whose solutions also include (but are not limited to)
all ordinary geodesics. A detailed examination of these is, without question, far too
ambitious to remain within the scope of this project. However, the usual theorems of
Riemannian geometry [10, 14] suffice to guarantee at least the existence and unique-
ness of such geodesics [30], which in turn suffices for analysing such problems: if
needed, explicit computations of such geodesics and their vertical parallel transport
maps can always be performed numerically. Since constant-acceleration curves are
not vertical geodesics, their vertical parallel transport maps (which are local Lorentz
boosts, as above) will in general differ from the vertical parallel transport maps along
vertical geodesics. Again, the question of which of these best describe the outcome
of such correlation experiments must ultimately be settled by experiment.



6 | Conclusion

We have seen that, for massive particles, the Sasaki metric induces a connec-
tion on the mass-shell submanifold of the tangent bundle via the Gauss-Codazzi
equation, whose vertical part exactly reproduces the local expressions for Fermi-
Walker transport. The reduction of Fermi-Walker transport to parallel transport on
geodesics then emerges naturally from the fact that horizontal lifts of geodesics on a
manifold also are also geodesics on its tangent bundle under this induced connection.

However, this gives us difficulties in evaluating the parallel transport map for
piecewise-smooth geodesic curves, since prima facie there exists no uniquely defined
way to lift these curves into the tangent bundle. We have examined some of these
lifting procedures procedures, and found that they return (at least qualitatively)
different predictions (from each other, as well as from the existing literature) as
regards the outcome of EPR correlation experiments in the Schwarzschild spacetime.

Following our examination of examples in flat spacetime, we posited that
second-order vertical geodesics, rather than local boosts, are the correct descriptions
for the linear maps at such first-order discontinuities in the Schwarzschild geometry.
Being however, after all, scientists, we now propose to settle the question of which
best describes Nature by recourse to experiment (although given the brevity of this
project, and its manifestly theoretical scope, we have had neither the means nor
the occasion to do so). By inference, the answer would then obtain not just in the
Schwarzschild spacetime, but in curved spacetimes in general, since the schemes we
have examined are broadly generalisable conceptually, or at least numerically.

In this project we have concerned ourselves with EPR correlation experiments
as performed with massive particles in gravitational fields around a single celestial
body. Realistically speaking, there exist additional considerations for performing
such an experiment around astronomical masses with electrons in particular. Rela-
tivistic electron trajectories are difficult to compute owing to their interactions with
the interplanetary medium and stellar magnetic fields, among other things; more-
over, there is the problem of accelerating them to relativistic speeds in the first place
while maintaining entanglement. Photons seem to be more promising, but, as we
have seen, the Fermi-Walker formalism for null submanifolds of the tangent bundle
is unwieldy, and not necessarily well-defined for all spacetimes — and in any case,
holonomy in U(1) manifests as an overall phase difference, which, being abelian,
would make trivial many of the arguments that we have presented.

These concerns notwithstanding, we recognise also that there exists a great deal
of potential for future work on this topic. In particular, even first-order geodesics
in the Schwarzschild spacetime exhibit a huge degree of richness and complexity
(e.g. [38]). Second-order geodesics on the mass-shell submanifold might reveal much
more about the underlying spacetime manifold. Likewise, since we are concerning
ourselves explicitly with spin, we might wish to examine how torsion in a gravita-
tional theory [39] might affect the second-order bundle-structure and how it affects
other, manifestly quantum-mechanical, observables. However, these very clearly lie
beyond the ambit of this project.
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A | Mathematical Appendix

A fibre bundle structure in a field theory is suggestive of interferometric tests
(e.g. the Aharonov-Bohm experiment for electromagnetism); an EPR correlation ex-
periment along a closed path can be interpreted as such a test (yielding SO(3)-valued
geometric phases). It is instructive to consider such a formulation of classical grav-
itation. In order to do this, we require some relatively high-powered mathematical
machinery1, which we will briefly review in this appendix.

A.1 Preliminary Notions

Let M be a manifold, γ : [0, 1] → M a curve on M, and f : M → R
a function on the manifold. A vector field u ∈ T M is a derivation such that
u(f)|t = d

dtf(γ(t))
∣∣
t=0

. In coordinates, u(f) = uµ∂µf . Clearly u is a derivation on
functions M → R. We define a dual basis to u such that for every function f there
exists a one-form df so that df(u) = ιudf = u(f). Locally, coordinates on M yield
basis vector fields ∂µ and basis one-form fields dxµ corresponding to the coordinate
functions. Linear combinations of tensor products of these yield tensor fields on M.

In particular, if M is endowed with a metric tensor g, then we can also define
the musical isomorphisms such that for any one-form ω, we have a unique vector field
ω♯ satisfying ω(u) = g(ω♯,u) for all u ∈ X(M); likewise for any v ∈ X(M) we have
a unique one-form v♭ satisfying v♭(u) = g(u,v). In coordinates, these correspond
to the usual raising and lowering of indices.

We can define derivations on tensor fields with respect to a vector field subject
to the condition that they obey the Leibniz rule under both tensor products and
tensorial contractions, and reduce to the action of vector fields when applied to
functions:

1. The Lie derivative is defined such that for two vector fields u and v, we also
have (in addition to the above requirements)

Lu(v(f)) def
= (Luv)(f) + v(Luf)

= (Luv)(f) + v(u(f))
=⇒ (Luv)(f) = u(v(f))− v(u(f)) = [u,v](f);

on differential forms, we have Cartan’s homotopy (“magic”) formula:

LXω=dιXω + ιXdω.

An equivalent formulation makes use of vectors as expressing tangency to
curves on M. In specific, if γ : [0, 1] → M is a curve on M, then in coordinates
the vector fields ẋµ∂µ applied to functions give their derivatives with respect

1The discussion here is standard textbook material; see e.g. [9, 10, 12, 14, 22]
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to the parameter on γ. This yields a vector field γ̇ such that γ̇(f) = df
dt .

Conversely, given a vector field u on M, and a choice of starting point, we
can find a corresponding curve on M such that everywhere on the curve, the
vector components are the derivatives of the coordinates. In that case, u is
said to generate curves on M such that for a given choice of starting point p,
we have a curve γp such that γp(0) = p and γ̇(0) = up; we define φt(p) = γp(t)
as the flow of u. The Lie derivative of a vector field v at p can then be found
as

Luv|p = lim
t→0

1

t

[
(φ−t)∗

(
v|φt(p)

)
− v|p

]
.

2. Suppose that, given a vector field u, we have a means of determining a corre-
sponding parallel transport map, which sends tangent spaces T̂ (u)t : TpM →
Tφt(p)M along the flow generated by u. This amounts to a choice of connec-
tion on the associated principal bundle, and induces a covariant derivative
∇ : X(M)×X(M) → X(M), which can be defined with respect to this notion
of parallelism:

∇uv|p = lim
t→0

1

t
(φ−t)∗

[
v|φt(p) − T̂t (v|p)

]
.

We can extend this to define a covariant derivative on tensor fields by demand-
ing the Leibniz rule holds over tensorial contractions. For example, we have
for a one-form ω

∇uω(v) = ω(∇uv) + (∇uω)(v)
and so on. Each choice of connection induces a covariant derivative in this
manner. However, if M is a (semi-)Riemannian manifold, we also have a
metric tensor g such that if u and v are vector fields, then g(u,v) is a function.
This permits us a choice of connection such that ∇g = 0 (metric-compatibility)
and [u,v] = ∇uv − ∇vu (torsion-freeness). The Fundamental Theorem of
Riemannian Geometry states that for every Riemannian manifold, the choice
of this particular connection (the Levi-Civita Connection) is unique. Under
the Levi-Civita Connection, the covariant derivative and the metric satisfy the
Koszul formula,

2g(∇xy, z) =∇xg(y, z) +∇yg(z,x)−∇zg(x,y)
− g(x, [y, z])− g(y, [z,x]) + g(z, [x,y]).

In particular, defining for the coordinate fields the connection coefficients
∇∂µ∂ν = Γσµν∂σ, and noting that [∂µ, ∂ν ] = 0, applying the above formula
yields the usual coordinate expression for the connection coefficients (Christof-
fel symbols)

Γσµν =
1

2
gσκ (∂µgνκ + ∂νgκµ − ∂κgµν) .

In turn, the connection defines the Riemann curvature tensor as

R(x,y)b = ∇x∇yb −∇y∇xb −∇[x,y]b.

We choose a convention of index placement such that the Riemann tensor can
be represented in components asR(a,b, c,d) = g(a, R(c,d)b) = aαbβcµdνRαβµν .
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TpM Tφt(p)M

M M
φt

π

φt∗

π

TpM Tφt(p)M

M M
φt

π

T̂t

π

Figure A.1: The Lie derivative makes use of differential structure via the pushfor-
ward φt∗ of vectors from TpM to Tφt(p)M, while the covariant derivative makes use
of the parallel transport map T̂t.

A.2 Fibre Bundles

A fibre bundle E (“bundle”, for short) is constructed as a “twisted product”
between a manifold M (its “base space”) and some topological space F (its “fibre”)
on which acts a group G (its “structure group”) by inducing a family of maps as
g : F → F , ∀g ∈ G, where composition of such maps preserves group multiplication.
These must satisfy the following:

1. E is equipped with a surjective map (“canonical projection”) π : E →M ;

2. M is covered by an indexed collection of open subsets {Uα} (i.e.
∪
α Uα =M);

for each Uα there exists a homeomorphism φα : Uα × F → π−1(Uα) such
that (π ◦ φα)(p, f) = p, ∀p ∈ M, f ∈ F . A pair (Uα, φα) is called a “local
trivialisation” of E.

3. For any Uα, Uβ such that Uα ∩ Uβ ̸= ∅, the composition of homeomorphisms
results in a group action on the fibre as φ−1

β ◦ φα(x, f) = (x, φαβ(x)(f)) for
some φαβ ∈ G; this defines a homeomorphism φαβ : Uα ∩ Uβ → G. We refer
to the group element φαβ as a transition function between local trivalisations.

For a smooth fibre bundle, we require that M and F possess smooth struc-
ture, and that the above maps be diffeomorphisms (rather than homeomorphisms).
In specific a principal bundle is a fibre bundle whose fibre is given by the struc-
ture group. For every bundle E as constructed above, we can also construct its
associated principal bundle P by considering the twisted product of M with the
structure group G, retaining the overall structure induced by the covering set of local
trivialisations; the group action of G on itself for transitions between trivialisations
is simply group multiplication.

For principal bundles in particular, we require also that if (x, g) φα7→ p ∈ P , then
(x, gh)

φα7→ ph, h ∈ G — that is, trivialisations are equivariant under right action.

A.2.1 Connections
Let P be a principal bundle such that the fibre, and structure group, are both

given by some Lie group G with Lie algebra g. Consider the tangent space TpP at
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a point p ∈ P . A connection on TpP is a decomposition of TpP into “horizontal”
and “vertical” subspaces as TpP = Hp ⊕ Vp, whereby for v ∈ Vp, we have π∗v = 0.
Then the elements of g correspond to vector fields on T P as follows:

Definition A.1 (fundamental vector field). For A ∈ g, p ∈ P , consider a curve
γ : [0, 1] → P such that γ(0) = p, γ(t) = p exp [At]. Then there exists a vector field
A♯ ∈ T P , called the fundamental vector field of A, such that for f : P → R,

A♯(f) =
d
dtf(γ(t))

∣∣∣∣
t=0

.

Clearly, fundamental vector fields generate curves on P that correspond to
translation by group actions. In a sense, we can think of them as “vertical” motion
on P , rather than “horizontal” motion by moving along M proper.

A (Ehresmann) connection is then a pointwise decomposition of T P into hor-
izontal and vertical parts as TpP = HpP ⊕ VpP, ∀p ∈ P . This is specified by means
of a connection form ω, which is a pointwise projection of TpP onto VpP , into which,
as above, an injective map from g exists. More concretely,

Definition A.2 (connection form). Per Nakahara [10], a connection form ω is a
g-valued one-form on P (i.e. ωp : TpP → g) satisfying, for g ∈ G,A ∈ g,

1. ω(A♯) = A

2. Rg∗ω = adg−1 ω.

Such a connection form is, equivalently, specified by a set of Lie-algebra-valued
one-forms {Ai} on an open covering {Ui} of M with local sections {σi} into P . The
local one-forms Ai then satisfy Ai = σi∗ω for some ω satisfying the above conditions,
subject to the compatibility condition

Aj = adt−1
ij
Ai + t−1

ij dtij,

where tij : Ui ∩ Uj → G is the transition function between two trivialisations of P .

Definition A.3 (curvature). Given a connection one-form, we can define a curva-
ture two-form as the exterior covariant derivative of the connection one-form:

Ω = Dω = dω + ω ∧ ω.

If we explicitly show both Lie-algebra-matrix-representation and coordinate
indices (i.e. we treat the connection form as a matrix-valued one-form ωabµdpµ,
where pµ are coordinates on the principal bundle), we can represent this as

Ωa
bµνdpµ ⊗ dpν = ∂µω

a
bνdpµ ∧ dpν + ωacµω

c
bνdpµ ∧ dpν .

Likewise, we can take the exterior covariant derivatives of the local one-forms. For
a local connection form Ai admitting a decomposition into coordinates as Aµdxµ
(suppressing the Lie-algebra indices, but understanding this to be a matrix-valued
one-form, being the representation of Lie algebra values), we obtain

Fi = dAi + Ai ∧ Ai
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In coordinates, we have the matrix-valued 2-form

Fµνdxµ ⊗ dxν = (∂µAν − ∂νAµ + [Aµ, Aν ]) dxµ ⊗ dxν

This local curvature form is in some places [29] called the “field strength” 2-form. In
order to be a local representation of a curvature form, it must satisfy Fj = adt−1

ij
Fi.

A.3 Vector Bundles

If the structure group G of a principal bundle P admits a representation ρ on
an n-dimensional vector space, then for F as such a vector space we construct the
associated vector bundle E, associated to P , E = P ×ρ(G) F , as the set of all
equivalence classes

[(u, ξ)] ∈ E =
{
(ug, ρ(g−1)ξ)|u ∈ P, ξ ∈ F, g ∈ G

}
,

where ρ represents G as a left action on F .
We can define a correspondence between group actions on P and on E by

demanding that such a definition be equivariant. Then for some vertical automor-
phism F : P → P satisfying π ◦ F = π and Rg ◦ F = adg−1 F ◦ Rg, we have that
F = Rτ̃(u) for τ : M → G, τ̃ = τ ◦ π. Then this induces a vertical automorphism
on E, which we compute to be

[(Fu, ξ)] = [(u · τ̃(u), ξ)]
(

def
= [(u, ξ)] · τ(p)

)
= [(u · τ(p), ξ)]
= [(u, ρ(τ(p))ξ)];

that is to say, a right action on P induces a group action on E by left action on the
fibres F under the defining linear representation.



B | The Lorentz group

The discussion pursued here is fairly well-established (e.g. [33]), but we will
go over it for the sake of completeness.

The Poincaré group is a Lie group whose 10-dimensional Lie algebra (com-
prising 4 generators of translations, P µ, 3 of rotations, Ji, and 3 of boosts, Ki) is
described by the following structure constants:

[P 0, Pm] = [Pm, Pn] = [P 0, Jm] = 0, (B.1a)
[Pm, Jn] = iϵmnlPl, (B.1b)
[Pm, Kn] = iδmnP

0, (B.1c)
[Jm, Jn] = iϵmnlJl, (B.1d)
[Km, Jn] = iϵmnlKl, (B.1e)
[Km, Kn] = −iϵmnlJl. (B.1f)

It is usual to think of the Poincaré group as the group of isometries acting on
Minkowski spacetime, considered as a manifold in its own right. Clearly, every point
can be reached from every other point by the action of the translation subgroup
alone; therefore this subgroup (and by extension the whole Poincaré group) acts
transitively on Minkowski spacetime. With appropriate choice of coordinate system,
all boosts and rotations leave a base point fixed. Thus the quotient group of the
Lorentz group with respect to the translation subgroup (the “homogenous Lorentz
group”, or just the “Lorentz group”, also SO(1,3)) is also the isotropy group of
the Poincaré group on Minkowski spacetime. Its Lie algebra is specified by the last
three of these commutation relations.

B.1 Representations of the Lorentz algebra

A representation of a group is a group homomorphism ρ : G → GL(n) into
the set of linear isomorphisms (square matrices with nonzero determinant) on n-
dimensional vector spaces, with a left action on vectors v as g · v = ρ(g−1)v.

B.1.1 Fundamental representation
The fundamental representation of the Lorentz group is as of real 4×4 matrices

acting on a 4-dimensional vector space (represented as column matrices) such that
for column matrices u and v, the metric given by u·v = uTηv, η = diag(1,−1,−1,−1)
is invariant under left action on column matrices: that is, for ρ as a representation of
an element of SO(1, 3), we have ρTηρ = η. We relate elements of SO(1,3) to so(1, 3)
by considering curves on SO(1,3) generated by elements of the Lie algebra under the
exponential map such that for g ∈ SO(1, 3) there exists a curve γ : [0, 1] → SO(1, 3)
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satisfying γ(0) = e, the identity, and γ(1) = g. We can express γ as γ(t) = expAt for
some A ∈ so(1, 3). Then there exists a corresponding matrix satisfying exp Jt = ρ,
where exp now denotes the matrix exponential. If we can writeA =

∑
i aiKi+

∑
i biJi

as a (real) linear combination of Lie algebra elements, then J is the same linear
combination of the representations of each of these basis elements.

In that case, consider the representation of J as 4× 4 matrices. In the neigh-
bourhood of the identity, we can expand the equation ρTηρ in powers of t. The
first-order terms then give us JTη + ηJ = 0. This yields the constraint on the ma-
trix components Jσµησν + ηµσJ

σ
ν = 0 =⇒ Jµν + Jνµ = 0. For real 4× 4 matrices, we

count 6 basis elements of matrices that span this set: 3 each for when both indices
are spatial, and for when one index is temporal. In specific we can write any such
matrix representation as

J =


0 ax ay az
ax 0 bx −by
ay −bx 0 bz
az by −bz 0

 , (B.2)

which we can verify satisfies the condition JTη + ηJ = 0. This is a real linear
combination of basis matrices of the prescribed form, and we can verify that the basis
matrices satisfy the commutation relations (B.1); this is therefore a representation
of the Lie algebra so(1, 3).

B.1.2 Representation in SL(2)
Consider the following identification:

Ji =
1

2
σi (B.3a)

Ki =
i

2
σi, (B.3b)

where σi ∈ sl(2,C) are the Pauli matrices, which take representations as traceless
Hermitian 2 × 2 matrices. It is easy to verify that these satisfy the commutation
relations (Eq. (B.1)) that do not involve the momenta: this is therefore a represen-
tation of so(1, 3). This permits us a representation of SO(1,3) as complex 2 × 2
matrices under the exponential map.

B.2 Isotropy groups

We define the isotropy group (or stabiliser, or little group) corresponding to
a momentum p as the subgroup Gp = {g|g · p = p}, under the usual group action.
Let us consider the cases of massive particles and photons separately.
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Massive particles Consider a timelike momentum vector in flat spacetime. In
some coordinate system we can represent it as

p =̂


1
0
0
0

 .
Under the fundamental representation of the Lorentz group, let us consider the
subset of such infinitesimal transformations that leave this column vector invariant.
To first order we have 

0 ax ay az
ax 0 bx −by
ay −bx 0 bz
az by −bz 0



1
0
0
0

 =


0
0
0
0

 . (B.4)

This yields ai = 0, whence J =
∑

i biJi. The set of such real linear combina-
tions of elements of so(1, 3), given the commutation relations above, constitute the
three-dimensional subalgebra so(3,R), which in turn generates SO(3), the group of
rotations in 3D space. Thus, the isotropy group of timelike momenta is SO(3).

Photons Again, in some coordinate system we can represent a null momentum as

p =̂


1
0
0
1

 .
Again to first order we have

0 ax ay az
ax 0 bx −by
ay −bx 0 bz
az by −bz 0



1
0
0
1

 =


0
0
0
0

 . (B.5)

This in turn yields

az = 0 and ax − by = 0 and ay + bx = 0,

whence we obtain
J = α(Kx + Jy) + β(Ky − Jx) + γJz,

for real α, β, γ. Observe that all three of these basis elements commute with each
other (based on the above commutation relations), but the subgroup generated by
Jz is compact, whereas the subgroups generated by the other two elements are not.
The corresponding isotropy group is the three-dimensional Lie group SE(2), the
group of Euclidean rotations and translations in 2 dimensions.

Observe also that, if we consider the subset of this isotropy group that also
leaves a second null vector invariant, this reduces to the rotation group SO(2) ≃
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U(1). For illustration, consider the additional null vector

q =̂


1
0
0
−1

 .
Clearly q is related to p via time-reversal symmetry. But if we once again demand

0 ax ay az
ax 0 bx −by
ay −bx 0 bz
az by −bz 0




1
0
0
−1

 =


0
0
0
0

 ,
we obtain

az = 0 and ax + by = 0 and ay − bx = 0.

Comparing these with the above constraints gives us α = β = 0, which further
reduces the isotropy subalgebra to the one-dimensional Lie algebra so(2,R). The
Lie group that is generated is compact: it is SO(2).

Such a reduction is not necessarily contingent on the existence of time-reversal
symmetry; it also obtains with any other null direction linearly independent from
our standard momentum. However, that the resulting isotropy group is indeed SO(2)
is less obvious. For example, consider now

q =̂


1
1
0
0

 .
Repeating the above calculations yields J = α(Ky − Jx + Jz), again constituting
a one-dimensional real Lie algebra. It is not immediately obvious that the group
generated by this basis matrix is compact.
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